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1 Introduction
Black holes are classical solutions of Einstein’s equations with very peculiar characteristics:
the presence of a singularity and of an event horizon. For a long time these solutions were
seen as mere mathematical curiosities, but slowly the paradigm has shifted and indeed
nowadays we have gathered an enormous amount of both theoretical and experimental ev-
idences supporting their existence. The apex has been reached recently, with the detection
of the gravitational wave fingerprint of a binary black hole merger [1–3], or to be more
precise with the detection of an event compatible with the general relativistic description
of a black hole.
This pedantic clarification is in fact the motivation for writing this thesis and the
triggering factor for thousand of papers in the last decades. The underlying idea is that
General Relativity (GR) cannot be the ultimate theory of gravity, since it fails to give
sensible predictions in key scenarios like black holes and the birth of the universe. To fully
describe the physics of black holes we are forced to use both gravity and the quantum
theory at the same time, far away from of any possible perturbative regime. We need a
theory of quantum gravity, an ultimate theory able to describe whatever can be defined as
physical (and maybe a bit more).
A striking issue is that we don’t have access to energy scales at which Quantum Gravity
(QG) is expected to be relevant and we cannot probe the interior (if any) of black holes.
Perhaps this is a unique situation in the history of mankind, in which we know that
something must be there for fundamental reasons, but we are not able to probe it, so that
we are forced to rely on the consistency of our theory to make progress in the quest for QG.
Many researchers believe that the main fundamental inconsistency is given by the so called
”Information Loss Paradox”. Every serious attempt to write down a QG theory should
answer to what happen to a pure state entering into a black hole. As we will see this is
a devilish problem in which we are required to employ QG in a regime in which classical
gravity should be enough.
One proposal for the a consistent QG theory is given by string theory, which intro-
duce extended fundamental objects like strings and branes. Like everything else in the
theory, black holes are therefore constructed from these primitive building blocks. Many
calculations suggest that string theory is indeed able to describe black holes, giving a deep
statistical meaning to the black hole entropy by identifying the quantum microstates of the
system. Moreover string theory is able to recover the Bekenstein-Hawking formula [4, 5]
in the classical (super)gravity limit. The main limitations of the theory comes from his
complexity, forcing us to work in simplified and (super)symmetric unphysical settings.
A great deal of work has been carried on microstates counting, for various systems of
different dimensionality, asymptotic and charges. Nevertheless, due to the intractability
of strong gravity and the fact that the non perturbative formulation of the theory is, to
say the least, incomplete, very little is known about the description of the microstates
in the black hole regime. Many results have been in fact obtained by clever exploitation
of weak-strong coupling dualities or the use of protected quantities like supersymmetric
indices.
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We will take the working hypothesis that string theory is the correct QG theory and
we will try to answer to the following question: what is the description of the black hole
microstates in supergravity? Indeed supergravity (SUGRA) is the low energy limit of string
theory and we know that at some distance from the horizon it must be the right description.
Moreover even though the description of the generic black hole will likely require the full
theory of quantum gravity and all the non perturbative technology, possibly already at the
horizon, it’s still possible that some very special states, some sort of coherent states, can
be described fully in supergravity. One possibility is given by the fuzzball proposal [6–14],
in which every quantum microstates is associated to a smooth and horizonless solution of
SUGRA, getting rid of the pathological features of the GR black hole and therefore solving
the information paradox.
In this thesis we will jump back and forth the string theory and SUGRA description of
a black hole1 and in particular we will focus on four BPS dimensional black holes. The fun-
damental stringy picture of the microstates is given by open strings stretched between inter-
secting branes. By studying the back reaction of this system, one can retrieve information
on the closed string signature arising from a given open string configuration. Concretely
one can compute the stringy open-closed scattering amplitude of a Neveu Schwarz-Neveu
Schwarz (NSNS) or Ramond-Ramond (RR) field with the open strings binding the branes.
Remarkably a large class of SUGRA solutions can be linked in this way to the underlying
string description, establishing a dictionary since, apart subtleties, a particular choice of
the string polarizations gives rise to a particular gravity solution [15]. The SUGRA so-
lutions associated to the four dimensional black holes will be constructed in the U-dual
frame with only D-branes: 4 stacks of D3 branes or 1 stack of D6 and 3 stacks of D2.
Despite this relationship between the two picture will explicit show which fields in
the SUGRA solutions are turned on (among metric, B field, dilaton and C forms), much
freedom remain at the two extremes after the scattering amplitude computation. First
of all, the supergravity solutions are actually a family of solutions valid for some generic
harmonic functions, like usual when working with extremal solutions. This implies that
many (the majority) of these solutions will be singular as the classical GR solutions. If the
fuzzball conjecture is correct there must exist some choices of the harmonics resulting in
smooth and horizonless solutions. We will show that such solutions can indeed be found
therefore linking stringy microstates with regular gravity solutions [16]. We will mainly
use the formalism of 5-dimensional SUGRA, since the solutions will typically be regular
only when the additional compact dimensions of string theory are taken into account.
The second freedom in the stringy-SUGRA dictionary comes from the stringy side.
Indeed the information contained in the open string binding the branes can be summed
up into a vacuum expection value. The value of this vev doesn’t explicit arise from the
string amplitude computations and remain an arbitrary constant; this is due to simplified
1Notice that here and in many other places, by black hole we really mean ”the SUGRA-string solution
associated to the corresponding GR black hole”. This solution can be in fact be horizonless and without
singularities, so it is not a black hole in any sense! Of course from far away it, in the regime in which we
cannot probe the horizon or the interior, it must resemble arbitrary well a GR black hole, in order to be
experimentally significant.
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assumptions in the calculations done so far in literature, but in general the vevs are not
arbitrary and can be determined once we determine all the normalizations of the string
fields and the dependence on closed string moduli. To fix these vevs one can study the
Supersymmetric Quantum Mechanics (SQM) arising on the worldvolume of the branes. It
is a quantum mechanics, since the 4 stack of branes forming the black hole intersect in a
point, leaving only the time direction as common direction. In the following we will study
the SQM associated to the purely D-brane system analyzed previously, in the regime of
small brane charges, in order to count the number of supersymmetric vacua and compute
the vevs appearing in the string computations.
The plan of the thesis is as follows: in section 2 we review classical black holes in GR
and remind how the addition of quantum physics result in the infamous information loss
paradox. We briefly outline many proposed solutions, both in string theory and in other
QG approaches. In section 3 we focus on black holes in string theory, including how they
are built and how microstates counting is performed; then we describe the fuzzball proposal
starting from the pioneering two charge system and concluding with the 3 and 4-charges
systems, the ones relevant to describe a black hole with non zero area in the SUGRA limit.
Starting with chapter 4 we present material published during the course of this thesis. In
chapter 4 we build the dictionary between open strings and SUGRA solutions. We first
review the computation for 2 charge systems and then focus on the 4 charge system, in
a frame with all D3 branes. In chapter 5 we work exclusively in SUGRA, to find some
examples of smooth solutions living in the same SUGRA family studied in chapter 4. In
chapter 6 we analyze the SQM on the worldvolume of the branes. We close the thesis with
remarks on the future of black hole physics and quantum gravity.
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2 Classical Black Holes and the Information Paradox
2.1 Black Holes in General Relativity
Consider a strongly asymptotically predictable spacetime M . A black hole B is defined as:
B = [M − J−(I +)] (2.1)
In words, in a spacetime M with an open region conformally related to a globally
hyperbolic spacetime, a black hole region is defined as the closure of the complementary
of the spacetime M with respect to the causal past of future null infinity. The black hole
horizon is the boundary of this region.
In simple words: a black hole is a region of space in which once entered, nothing can
escape to infinity anymore. Nothing includes light, that’s why they are black. A nice
introduction to the subject is given in [17–24] and we will relegate precise definitions to
the appendix (E).
The archetypical example is given by the Schwarzschild black hole; in spherical coor-
dinates (t, r, θ, φ) the metric is:
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2(dθ2 + sin2θdφ2) (2.2)
where in these units the gravitational constant G is set to one.
This spacetime wonderfully illustrate the key points which are associated will all the
solutions dubbed as black holes: a singularity and an event horizon concealing it. By
inspecting the metric, two point seems to be troublesome: r = 0 and r = 2m. The latter
is the location of the horizon and in fact it’s an harmless coordinate singularity, that is we
are simply choosing a bad set of coordinates for an observer willing to probe that region
of space. A better frame is given by the Eddington-Finkelstein coordinates (v, r, θ, φ):
v = t+ r + 2M ln
( r
2M
− 1
)
ds2 = −
(
1− 2M
r
)
dv2 + 2drdv + r2(dθ2 + sin2θdφ2) (2.3)
here we can see that as r → 2M the metric remains regular and invertible, since
g = −r4sin2θ. Another confirmation comes from the curvature invariants, that are well
behaved at this point.
Nevertheless something odd is happening, as witnessed by computing the light cones
for an observer radially falling into the black hole. By setting ds2 = 0 and fixing the angles
we can find out the boundaries of the cones:
dv
dr
=
{
0 (infalling)
2
(
1− 2Mr
)−1
(outgoing)
(2.4)
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Figure 1. Penrose diagram of the maximally extended Schwarzschild spacetime, in which our
universe is the square on the right. Since light moves at 45 degrees, once entered into a black hole
horizon everything is forced to fall into the singularity.
Figure 2. Tilting of the light cones as the event horizon is approaching.
For r < 2M the light cones tilt inside the black holes, meaning that every future
trajectory will never cross the boundary r = 2M again. In summary the horizon is a
global concept, related to the causal structure of the spacetime, and locally nothing strange
happen to the infalling observer, at least according to this classical picture.
The point r = 0 is instead a genuine curvature singularity, since the Kretschman
invariant K blows up there:
K = RµνρσRµνρσ =
48M2
r6
(2.5)
An observer probing the singularity will experience extremely high tidal forces. This
can seem reasonable, since astrophysically we consider black holes as the last stage of
evolution of certain collapsing stars or the remnant of supernova explosions, therefore we
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can naively think at super dense objects (notice that the Schwarzschild black is a vacuum
solution). The issue is that the black hole is actually infinitely dense at the singularity and
the tidal forces are divergent. This is not a physical insight, but a signal that our theory
is breaking down. It’s analog to consider a model of an massive charged pointlike particle
in classical physics: gravitational and electomagnetic potential energy are infinite.
Singularities comes in many different flavors [25], indeed it’s not even required for
the curvature invariants or the Riemann tensor to be divergent. A pretty satisfactory
definition is the following: a spacetime is singular, it has a singularity, if it possesses at
least one incomplete geodesic. An incomplete geodesics has finite affine length (range of
the affine parameter) in at least one direction. Intuitively the geodesics it’s not free to
be extended to infinity or at least to circle on itself (but that would give closed time like
curves (CTCs)). One may hope that the theory will make the formation of singularities
impossible, while in fact they seem to be a very generic feature of every gravitational
collapse. These considerations are formalized in the Singularity Theorems, which states
that under reasonable conditions like absence of CTCs, validity of energy conditions and
some other technical assumption, the presence of a trapped surface imply a singularity in
the spacetime. The boundary of a region filled with trapped surfaces is called apparent
horizon and a trapped surface is a surface inside which the expansion θ of a congruence
of null geodesics is negative both for outgoing and ingoing rays. It formalize the concept
of ”tilting of the light cones”. For instance, consider a sphere of fixed radius emanating
shells of photons in Minkowski, both inward and outward. Here some shells will go to
infinity and other will collapse at the center; instead the same scenario inside r < 2M
in Schwarzschild would result in both shells going to decreasing values of the radius. For
Schwarzschild apparent and event horizon are the same hypersurface, but in general they
can be different.
To cover these monstrosity it has been conjectured that the gravitational collapse of
a body always result in a singularity covered by an event horizon, the so called Cosmic
Censorship Conjecture. A naked singularity would be an intolerable problem for the predic-
tivity of the theory, the space would be not globally hyperbolic, even though no conclusive
arguments has ever been made on their absence. All in all, considering singularity theorems
and cosmic censorship, black holes are very generic predictions of general relativity.
To reiterate how much paradoxical black holes are, please notice that only after an
infinite amount of time we can really say to be outside the black hole. The mechanism
for the horizon growth is strongly non causal and non local, indeed the event horizon will
expand in response to all the infalling matter that will ever cross the horizon, including the
one in the future of a given observer at a certain time. To concretely work with black holes
in numerical relativity one usually employs milder concepts than the black hole horizon,
see [26] for more details.
2.2 No-Hair Theorem
The gravitational field generated by a planet is influenced by every detail of the emitting
objects, for instance by the distribution of every grain of sand on the surface. The multi-
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pole expansion of this field is characterized in general by an huge number of indipendent
coefficients2.
Remarkably this property is not shared by stationary black holes, which appears to be
so simple that an handful of parameters are enough to describe all of them. This property
is formalized in the so called No Hair Theorem that, apart from subtleties, roughly states
the following:
Stationary, asymptotically flat black hole solutions to GR coupled to electromag-
netism that are non singular outside the horizon are fully characterized by mass, charge
and angular momentum.
Here we assume that electromagnetism is the only long range non gravitational field;
the charge can in principle be both electric and magnetic.
This theoreom is very powerful since ultimately every black hole will settle to a sta-
tionary configuration since every departure from stationarity will rapidly be emitted as
gravitational waves. All the stationary black holes of GR are inside the Kerr-Newmann
family of solutions, that in the Boyer-Lindquist {t, r, θ, φ} frame can be written as follow:
ds2 = −
(
1− 2Mr
R2
+
(Q2 + P 2)
R2
)
dt2 − 2a sin
2 θ
R2
[
2M r − (Q2 + P 2)] dt dϕ
+
R2
∆
dr2 +R2dθ2 +
sin2θ
R2
[
(r2 + a2)2 − a2∆sin2θ] dφ2
Aµdx
µ = − 4
R2
(Qr + P a cos θ) dt+
4
R4
(Qar sin2 θ + P (r2 + a2) cos θ) dφ (2.6)
where
R2(r, θ) = r2 + a2cos2(θ) ∆(r) = r2 − 2M r + a2 + (Q2 + P 2)
t ∈ (−∞,+∞) r ∈ [0,+∞) θ ∈ [0, pi] φ ∈ [0, 2pi] (2.7)
The parameter M represents the mass, Q and P the electric and magnetic charges and
J = Ma the angular momentum. If
M2 ≥ Q2 + P 2 + a2 (2.8)
the solution represents a black hole with horizons located at
r± = M ±
√
M2 − a2 −Q2 − P 2 (2.9)
and a curvature singularity at r = 0. The area of the black hole horizon is A = 4pi(r2+ +a
2)
and the asymptotic in the large r expansion is given by:
ds2 = −
(
1− 2M
r
+ o(r−2)
)
dt2 −
(
4
J sin2 θ
r
+ o(r−2)
)
dt dϕ
+
(
1 +
2M
r
+ o(r−2)
)
dr2 + r2
(
dθ2 + sin2 θdϕ2
)
(2.10)
Important subcases are Reissner-Nordstom (J = 0) and Kerr (Q = P = 0).
2A counterexample is given by a perfectly round planet, which in the exterior is completely described
by the Schwarzschild solution due to the Birkhoff Theorem. Planets without a grain of sand displaced from
exactly spherical symmetry are not so common though.
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2.3 Black Holes Thermodynamics
Black holes are black, at least classically. Consider a Schwarzschild black hole: since
nothing is emitted and it depends only on the mass, every object falling inside will have
the effect of increasing the area. In fact this result is very general and it turns out that
under reasonable assumptions every possible process results in a net increase of the event
horizon. The appearance of a never decreasing quantity is reminiscent of the second law of
thermodynamics, and indeed a complete analogy with all the four laws of thermodynamics
was uncovered:
• 0 Law: The surface gravity κ of a stationary black hole is uniform over the whole
horizon.
• I Law: The following is true:
dM =
1
8pi
κdA+ ΩHdJ (2.11)
where ΩH is the angular velocity of the hole, A is the area and we have not included
contributions due to the charge. It’s apparent the identification E ↔ M , T ↔ Cκ,
S ↔ 18piCA for some constant C.
• II Law: The surface area of a black hole can never decrease:
dA > 0 (2.12)
This result comes mainly from two ingredients: the observation that the horizon is a
null hypersurface generated by null geodesics with no future endpoint and the focusing
theorem. This theorem make use of the Raychaudhuri equation for a congruence of
null geodesics together with the null energy condition, therefore exotic fields can in
principle violate this law.
• III Law: If the stress energy tensor is bounded and it satisfies the weak energy
condition, then the surface gravity cannot be reduced to zero by any process in a
finite amount of (advanced, v = t + r) time. Basically, extremal black holes cannot
be reached starting from non-extremal black holes.
i
i
Restricting to classical physics, this analogy is merely formal, since a black hole doesn’t
emit anything while a temperature is associated to the dynamic equilibrium between a
system an its surrounding. Considering quantum physics will fill the gap.
12
Law Thermodynamics Black Holes
Zeroth T constant trough body in thermal
equilibrium
κ constant over (Killing) horizon of
stationary BHs
First dE = TdS − pdV dM = 18piκdA+ ΩHdJ
Second δS ≥ 0 in any process δA ≥ 0 in any process
Third Impossible to achieve T = 0 by a
physical process
Impossible to achieve κ = 0 (ex-
tremality) by a physical process
Table 1. Analogy between old fashioned thermodynamics and black hole thermodynamics.
2.4 Quantum Field Theory in Curved Space
Consider a scalar field coupled to gravity in a two dimensional Schwarzschild spacetime
(without angular coordinates), with action:
S[φ] =
1
2
∫
d2x
√−g gµνφ,µφ,ν (2.13)
This toy model will be useful to illustrate the main features of Quantum Field Theory
(QFT) in curved space applied to black holes and the case for GR in 3 + 1 dimensions will
be a generalization of this one; see [27, 28] for details.
Since the action is conformally invariant we can write the solution to the scalar equation
of motion in terms of different coordinates systems. First of all, we choose a frame that is
singular on the horizon, for instance the lightcone coordinates (u˜, v˜) obtained from (t, r)
trough the tortoise coordinate:
u˜ = t− r∗ v˜ = t+ r∗ dr =
(
1− 2M
r
)
dr∗ (2.14)
Secondly, we pick a frame that is regular everywhere apart from the central singularity,
such as lightcone Kruskal-Szekeres (u, v) defined by
u = −4Me− u˜4M v = 4Me v˜4M (2.15)
An observer at rest located far away will associate particles with positive frequency
modes Ω with respect to the time coordinate t. The expansion of the scalar fields will be
(ignoring the left moving part for simplicity):
φˆ =
∫ ∞
0
dΩ
(2pi1/2)
1√
2Ω
[
e−iΩu˜bˆ−Ω + e
iΩu˜bˆ+Ω
]
(2.16)
where the annihilation operator defines the Boulware vacuum:
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bˆ−Ω |0B〉 = 0 (2.17)
Therefore this vacuum contains no particles from the point of view of the far away
observer. Nevertheless this vacuum it’s not physical since it’s singular on the horizon and
this would require an infinite amount of energy to actually prepare such a state. For the
Kruskal coordinates:
φˆ =
∫ ∞
0
dω
(2pi1/2)
1√
2ω
[
e−iωuaˆ−ω + e
iωuaˆ+ω
]
(2.18)
aˆ−ω |0K〉 = 0 (2.19)
The Kruskal vacuum (also known as Hartle-Hawking vacuum) is well behaved on the
horizon and suitable to be a physical state. Notice that it contains particle from the point
of view of the far away observer, indeed on can relate the two set of creation-annihilation
operators:
bˆ−Ω =
∫ ∞
0
dω[αΩωaˆ
−
ω − βΩωaˆ+ω ] (2.20)
via the Bogolyubov coefficients, resulting in bˆ−Ω |0K〉 6= 0. In summary, a far away
observer will see a spectrum of scalar particles coming from the black hole:
〈NˆΩ〉 ≡ 〈0K | bˆ+Ω bˆ−Ω |0K〉 =
∫
dω|βΩω|2 (2.21)
nΩ =
〈NˆΩ〉
V
=
1
e
2piΩ
κ − 1
TBH =
κ
2pi
=
1
8piM
(2.22)
for a finite volume V . The black hole it’s not black anymore and ironically is now
emitting with a black body spectrum! The radiation is dubbed Hawking-Zel’dovich ra-
diation or more commonly Hawking radiation. Since the radiation stress energy tensor
doesn’t satisfy the null energy condition the second law is violated and the black hole loses
mass and it shrinks. Pictorially we can imagine pairs of positive/negative particles emitted
near the event horizon: the positive energy particle escapes to infinity as radiation, while
the negative energy one is captured and the black hole loses mass. We can appreciate the
striking parallel of the whole analysis with the phenomenon of Unruh radiation, in which
an accelerated observer (analog of the far away observer) in flat space measures a thermal
spectrum of particles.
i
This calculation allowed to completely determine the Bekenstein-Hawking relation:
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Accelerated Observer Schwarzschild spacetime
Minkowski Vacuum |0M 〉 Kruskal Vacuum |0K〉
Rindler Vacuum |0R〉 Boulware Vacuum |0B〉
Acceleration a Surface gravity κ = (4M)−1
Table 2. Parallel between Unruh radiation on the left and Hawking radiation on the right.
SBH =
1
4~
A (2.23)
This entropy can be put on the same conceptual level of the usual thermodynamical
entropy S and the second law in presence of black holes can be generalized to:
dS′ > 0 S′ = SBH + S (2.24)
Notice that without quantum physics, even this generalized law would be violated, for
instance by considering a black hole in a thermal bath with T < TBH , thereby transferring
heat from a cold body to a hotter body.
Still, some conceptual issues remain. We know that thermodynamic is a macroscopic
coarse-grained description of an underlying microscopic theory. In particular the entropy
can be associated to the information contained in the macroscopic state or equivalently3
with the number of microstates Nmicro as:
S = kB ln(Nmicro) (2.25)
Unfortunately such microstates are not there in GR. In fact due to the No Hair theorem,
for a single black hole with given asymptotic charges, no matter how many encyclopedia
have fallen inside, we have:
S = kB ln(1) = 0 (2.26)
Another issue will be the subject of the next section.
2.5 Information Paradox
Consider an information carrying pure state falling into a macroscopic black hole. We will
make the following assumptions:
3The entropy of a system, for a given observer, can be defined as a measure of the ignorance of the exact
microstates of the system. In thermodynamic, the ignorance of the precise position and velocity of every
particle constituting a gas give rise to the associated entropy. Every single microstate has zero entropy,
since we have complete information about it.
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• A) General Relativity is the correct theory of gravitation at low energy. In particular:
A1) the equivalence principle applies at the horizon of a macroscopic black hole and
an infalling observer doesn’t experience anything special.
A2) the No-Hair theorem is correct. The region around the horizon is information-
free.
• B) Quantum Field Theory is the valid theory at low energy. Therefore4:
B1) the theory is unitary (a pure state cannot evolve into a mixed state).
B2) there is no loss of information.
B3) the theory is local.
• C) A semiclassical treatment is appropriate to describe the physics of an evaporating
black hole until the black hole is macroscopic. Moreover this implies that:
C1) There is no need to invoke quantum gravity before reaching some high energy
scale, usually taken to be the Planck scale.
At least one of the above is incorrect: this is the information loss paradox. It’s a
paradox since all of the assumptions are believed to be true in our universe, if taken
singularly. There can be some redundancy in these conditions, but we will stick to these
to be as explicit as possible.
Let’s follow an encyclopedia, or any other information carrying object that you would
like to throw in, falling into the horizon to have a grasp of the situation. In the Hilbert
space of our quantum theory it’s possible to describe the combined state of the encyclopedia
plus the black hole as a pure state. As stated in the hypothesis, nothing special happens
at the horizon crossing and the encyclopedia sink into the central singularity. The black
hole emits a spectrum of Hawking quanta that is thermal, therefore mixed. This is not a
problem, since the emitted quanta are entangled with quanta falling inside the black holes
and the overall system is still pure, but an issue arises when the black hole eventually
evaporates completely, leaving only radiation entangled with nothing and in a completely
mixed state. The net process is a pure state evolving into a mixed state, violating the basic
principles of the quantum theory.
A key role has been played by the No-Hair theorem: when the encyclopedia falls in, an
external observer is able to measure only the mass, the charge and the angular momentum
and it’s impossible for him to differentiate between a book written in english and one
written in extra-terrestrial language (given the same mass!). Moreover the emitted pairs
of quanta don’t talk to each other, since their are generated from the vacuum, i.e. from
an information free region, independently from previously emitted pairs [14]. This explain
why burning an encyclopedia don’t give rise to a paradox: even though the information is
de facto lost, it can in principle be recovered by the subtle correlation between the emitted
quanta, since every emission starts in an information-full region, namely the surface of the
ardent pages, and not from the vacuum.
4Loss of unitarity and loss of information are often treated as equivalent, while in principle they can
happen independently, see [29] for an example. In the information paradox they both show up.
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Figure 3. Lighting a fire doesn’t destroy information.
The information paradox involves many ingredients, so it’s not difficult to come up
with plausible loopholes; here we follow [30–33] to argue that in fact there are no obvious
loopholes and it’s likely that we will need to give up one of more assumptions of the
paradox. Here we list some proposals not violating A,B or C and discuss the implications.
• The information is in the radiation: A possible solution would be that the radi-
ation is not really thermal or equivalently the information is encoded in correlations
between the quanta. The original Hawking’s calculation showed that the radiation is
thermal and therefore carry no information, but one can wonder if there are subtle
quantum effects spoiling the calculation and accumulating over time, restoring a uni-
tary evaporation. Intuitively the answer seems negative, since the No-Hair theorem
implies some sort of factorizability of the Hilbert space black hole-radiation. This
belief can be made rigorous using the No hiding Theorem [34]: assuming a bipartite
system black hole-radiation, unitarity and Hawking’s semiclassical analysis of the ra-
diation, no information can be carried by the radiation or in correlations between the
radiation and the black hole. A way out is to consider a tripartite system, composed
by the black hole and the early and late radiation. The tripartite possibility has been
analyzed extensively recently, particularly in the context of Black Hole Complemen-
tarity [35] and the Firewall argument [36], but apparently a modification of physics
violating A,B or C it’s nonetheless required.
In [29] it was shown that given some ”niceness conditions”, believed to be true in
the evaporation process for a big black hole, and the absence of remnants, for the
radiation to be pure it’s necessary to alter the evolution of low energy modes at the
horizon by order one, ruling out any ”small correction” way out.
• Remnant and baby universes: if the evaporation process ends up with a remnant
carrying all the information there is no paradox since the radiation remain entangled
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with the remnant; of course the formation of the remnant will require the full theory
of quantum gravity to be properly described [37]. Here we restrict to microscopic
remnants, since macroscopic ones would violate hypothesis C anyway.
Unfortunately a remnant could bring more problems than it solves: since the initial
black hole can have arbitrary high mass, the remnant must be able to carry an
arbitrary amount of information. Therefore there must be an huge number of stable
remnant with mass comparable to the Planck scale and indistinguishable from an
effective field theory viewpoint, so these remnant should appear inside quantum loops
and evaporation process of other black holes. Even though the production of a single
remnant will be highly suppressed, the huge phase space implies that the probability
of generating a remnant is not negligible in a conventional process [30, 38]. As a minor
point, the entropy of the remnant cannot be accounted by the Bekenstein-Hawking
formula. Despite these difficulties, the possibility of stable remnants remain open,
see [39] for an extensive review.
The idea of baby universes can be traced back to the possibility of gluing external
black hole geometries with internal non trivial geometries, see [40] for an application
to Kerr. The fundamental problem with this approach is that we don’t know how
model the evaporation from the point of view of an external observer. One can
speculate that being created from a quantum fluctuation, a closed baby universe will
carry exactly zero energy away and by the uncertainty principle it will be completely
delocalized in spacetime. This means that a baby universe is more similar to a global
property of our spacetime, and it’s not clear how to measure in which superselection
sector we live [30, 41, 42]. There is little doubt that a baby universe it’s far from
being a natural and economic solution to the paradox.
• All the information comes out at the end: A fundamental result on evaporating
black holes is the Page’s theorem [43], roughly stating that for a unitary process the
information starts leaking out at the Page time (when the black hole has already
radiated half of its entropy), which can be very large for macroscopic black holes.
This theorem make use of a bipartite system, so we can still hope to find a model
in which the information comes out entirely due to quantum gravity effects at end.
This possibility partially overlap with the previous one, since the endpoint of the
evaporation of a black hole with mass M would be some sort of metastable remnant,
with an estimated life time of the order ∼ M4, compared to an evaporation time
∼M3 [44, 45]. Intuitively, the remnant takes a long time to evaporate, due the small
energy involved (Mremn ∼ Mpl) and the time-energy uncertainty principle. These
are de facto long-lived remnants, incurring in the issues outlined previously. Again,
this possibility cannot be completely ruled out, but there are no convincing proposal
at the moment.
2.6 Solving the Paradox
In this section we outline some of the possible resolutions to the information paradox, in
order to appreciate different ways of relaxing at least one of the initial assumptions. We
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will limit to some selected proposals, whereas an overview of all the resolutions to the
paradox will probably require more than one human lifespan to be written; at least part
of the material omitted can be found in [32]. It’s worth mentioning that some authors still
support the simplest possible solution, namely that the original calculation is correct and
the information is indeed lost [46]. At the cost of stating the obvious, no proposed solution
so far is universally accepted or even favored by the community.
2.6.1 Black Hole Complementarity and Firewalls
Consider a slicing in Cauchy surfaces of an evaporating black hole. In particular we pick a
surface Σ before the black hole forms, a surface ΣS = Σout × Σbh intersecting outside and
inside and written as union of two disjoint surfaces, and finally Σ′ after the evaporation.
Given a pure quantum state |ψ(Σ)〉 on Σ and if the whole process is unitary and no
information is lost, then:
|ψ(Σ′)〉 = U |ψ(Σ)〉 (2.27)
is another pure state, where U is a unitary operator enforcing the evolution governed
by the Schro¨dinger equation.
Since Σout is causally disconnected from Σbh, and considering that Σ
′ is causally con-
nected to Σout only, we can write respectively that:
|ψ(ΣS)〉 = |ψ(Σout)〉 ⊗ |ψ(Σbh)〉 (2.28)
|ψ(Σ′)〉 = U |ψ(Σout)〉 (2.29)
One can show that linearity and unitarity of the quantum theory lead to puzzling con-
clusion. Indeed if both |ψ(Σ′)〉 and |ψ(Σout)〉 depend linearly on |ψ(Σ)〉, we must conclude
that |ψ(Σbh)〉 cannot depend on |ψ(Σ)〉 , otherwise |ψ(ΣS)〉 will not depend linearly on the
initial slice. In summary, if we impose no information loss, as in (2.27), we find that the
black hole carry no information about what have fallen inside.
The black hole complementarity proposal is an attempt to restore the interior of the
black hole, while retaining a unitary evaporation [35]. Substantially, we relax the assump-
tions B, by modifying the quantum theory. The core observation is that no observer can
probe |ψ(Σbh)〉 and |ψ(Σout)〉 at the same time, therefore one can imagine a complemen-
tary picture in which the infalling observer experiences nothing special entering the horizon,
while an external observer views a ”stretched horizon” encoding all the information fallen
inside. The two pictures are incompatible, but since there is no way for two different
observer to communicate their findings the whole process is consistent.
Actually, a careful analysis reveals that the postulates of complementarity black holes
old enough cannot coexist with the equivalence principle; a proposed way out is to introduce
an hard wall of quanta, a firewall, at the horizon [36, 47]. Divide the whole system in three
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parts: the black hole, the early radiation R and the late radiation R′. If we suppose that
the evaporation is unitary, then the entanglement entropy5 of the total radiation will be
SRR′ = 0. Consider an infalling observer Alice and a static outer observer Bob. Bob will
be able to see both early and late radiation, with the latter coming from two region: a
region SH, the stretched horizon (roughly a surface at planck distance from the horizon),
and a region near the horizon that we call NH populated by modes that we call B. A mirror
region inside the horizon is populated by modes that we call A. If B is sufficiently weakly
interacting with the rest of the black hole, it can be purified by some early radiation RB,
i.e.
SBRB = 0 (2.30)
This relation can be verified by both Bob and Alice, provided that Alice wait long
enough to be able to measure the early radiation. Alice can do more, since at the horizon
she will find nothing special due to the equivalence principle, and measure that
SAB = 0 (2.31)
This it’s true, since the Rindler wedges are maximally entangles if the global state is
Minkowski vacuum, the two wedges being A and B. The double relation of B violates a
basic theorem regarding the monogamy of maximally entanglement, namely the strong
sub-additivity of the entropy. As a way out, a firewall would prevent Alice from jumping
inside, therefore getting rid of the conflict with the strong sub-additivity.
2.6.2 Non Locality and Wormholes
Violating locality has always been met with skepticism, considering that everything that we
see around us is well described by local theories. Nevertheless entanglement is a non local
property of quantum mechanics well tested experimentally, even though probably not fully
understood. The universal attractive behavior of gravity has an interesting parallel with
the ubiquity of entanglement, and indeed at a very fundamental level gravity could be an
emergent concept related to the entanglement of an underlying quantum theory, see [49] for
more details. An interesting idea, dubbed EPR = ER, links the entanglement (Einstein-
Podolsky-Rosen) with wormholes (Einstein-Rosen bridges) [50]. In the strongest form this
conjecture states that to every entangled pair we can associate a wormhole. Applied to the
black hole paradox, this means that the external radiation is non locally connected to the
interior of the black hole, therefore the evaporation process is potentially unitary.
2.6.3 Soft Hairs
Relaxing the No-Hair theorem is an economic and simple possibility, and indeed it has
been tried many times in the past with particular emphasis on scalar hairs, considering
5Given a bipartite system A and B, the entanglement entropy of the region A is given by SentA =
−Tr(ρA log ρA), with ρentA = TrB(ρ), where ρ is the density matrix of the whole system. See [48] and
reference therein for other definitions and results.
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extension to general relativity and different matter content [51]. Remarkably, a recent
proposal suggest that even in pure GR we overlooked an infinite number of soft hairs
related to the asymptotic structure of the spacetime [52, 53].
Apart from Poincare’ symmetries, it’s well know that an asymptotically flat spacetimes
enjoy an infinite number of diffeomorphisms changing the physical data at past and future
null infinity while preserving the asymptotic; this enlarged infinite dimensional group is
called BMS group [54, 55]. These symmetries allow to define an infinite number of conserved
charges, in particular a suitable antipodal combination of generators on past and future
infinity is an exact symmetry of gravitational scattering [56], actually an analog of the
earlier discovered soft theorems for gravitons in QFT [57].
At the quantum level, the Minkowski vacuum it’s now infinitely degenerate, since
different vacua are labeled by a different number of soft gravitons, which can be seen as
Goldstone bosons of the spontaneously broken supertraslation symmetry. Notice that each
vacuum it’s physically inequivalent, even though they have the same energy. These features
influence the information paradox in two ways: first of all the final state of the evaporation
it’s not a unique vacuum state anymore, since the vacuum is degenerate and gravitational
process can induce transition between vacua. Secondly, there an infinite number of soft
hair, in principle capable of storing the information of what falls inside.
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3 String Theory and the Fuzzball Proposal
Most of the resolutions to the information paradox and descriptions of the black hole’s
quantum structure introduce fancy machinery to solve a very specific issue. While there
is nothing wrong with this, it would be nice to have a description embedded in a bigger
framework of quantum gravity. A strong candidate to describe our universe is given by
string theory, a quantum gravity framework in which the main novelties are the existence of
fundamental extended objects and extra space-time dimensions. Everything in this theory
must be constructed using the basic building blocks, namely strings and branes, and black
holes made no exception. In the following sections we are going to discuss how black holes
can emerge in string theory and how they appear in the corresponding low energy limit,
that is supergravity, focusing in particular on the fuzzball proposal. The literature on
string theory and supergravity is ginormous, a good introduction to strings and branes can
be found in [58–65], while for supergravity we recommend [66–68].
3.1 Black holes in String Theory and Supergravity
The greatest achievement in string theory’s black hole physics is the confirmation of a
statistical interpretation for the Bekenstein-Hawking relation [4, 5]. The early calcula-
tions identified the quantum structure of the black holes with an exponential number of
microstates, and remarkably the log of the number of these microstates reproduce the
area-entropy relation (2.23) in the thermodynamical limit. The seminal example in [5]
was performed for a supersymmetric black hole in five dimensions; in this section we are
going to review how to build the corresponding black hole in gravity and how to count
the microstates in the quantum setting. Notice that in the original derivation there is no
mention to the appearance that these microstates have in the gravity picture; we will show
an explicit occurrence of them when talking about fuzzballs.
3.1.1 The Gravity Solution
BPS black holes obtained by dimensional reduction on a tori from D = 10 superstring
theory or D = 11 M-theory can be constructed by superposition of single BPS constituents,
like Dp-branes and strings. Looking at supergravity solutions, without taking into account
stringy corrections, the majority of these black holes have zero area in the supergravity
limit. Indeed it can be shown that the only black holes with macroscopic finite area are
the ones with 3 charges in five dimensions and 4 charges in four dimensions [69].
A systematic procedure do build supergravity solutions, and therefore black holes, is
given by the ”harmonic function rule”: in the string frame the metric factorize in a product
structure and simply superposes the harmonic function , with an exponent factor −1/2 for
directions in which the brane is extended and 1/2 otherwise. This ansatz imposes that the
harmonic functions can depend only on the transverse coordinate to the whole bound state
[70]. As an example, we can build the D1−D5 system, a two charge system that will be
useful later when talking about the fuzzball proposal. But before doing this, let’s briefly
review the expression for a Dp-brane solution.
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Dp-branes are fundamental non perturbative entities of superstring theory (in particu-
lar they appear in IIA,IIB and I superstring theories), related by a web of dualities to every
other object in the theory, including strings and branes of different dimensionality. From
a string theory perspective, they are the hypersurface on which the fundamental string
end points lie and they are 1/2 BPS solutions charged under the Ramond-Ramond fields.
Finally, they extend in a odd number of spatial dimensions in IIB superstring theory and
and in an even number in IIA. On the other end they can be seen as semiclassical solution
of supergravity, the low energy limit of string theory, provided that the energies involved
are far below the string scale, otherwise higher powers of the space time curvature must
be added to the action. The relevant bosonic effective action in the 10d string frame,
neglecting B field and the topological Chern-Simons term, is given by:
SDp =
1
2κ210
∫
d10x
√−g
[
e−2φ(R+ 4(∇φ)2)− 1
2(p+ 2)!
F 2p+2
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(3.1)
with the Ramond field strength given by Fp+2 = dCp+1 and the gravitational coupling
is related to the string length and coupling via 2κ210 = (2pi)
7l8sg
2
s . The equation of motion
for the metric, the dilaton and the C-fields are given by:
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A p-brane solution is given by [62]:
ds210 = (Hp(r))
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(3.3)
where r is the radial transverse direction, namely if the wordvolume of the brane spans
t, yi with i = 1, . . . , p, then r2 = x2p+1 + x
2
9. Moreover dΩ
2
8−p is the line element of the
(8− p)-sphere of unit radius, N is an integer equal to the number of branes and finally Tp
is the Dp brane tension:
Tp =
1
(2pi)plp+1s gs
(3.4)
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Brane t x1 x2 x3 x4 y5 y6 y7 y8 y9
D1 − . . . . − . . . .
D5 − . . . . − − − − −
Table 3. D1-D5 brane configuration. Neumann and Dirichlet directions of the D-branes are
indicated by lines and dots respectively.
The factor f(r) is something called the blackening factor, and for extremal branes
f(r) = 1, i.e. r0 = 0. The extremal metric assumes a particularly simple and elegant form:
ds210 = H
−1/2
p ηµνdx
µdxν +H1/2p dx
adxa (3.5)
where µ runs over the worldvolume directions and a over the transverse directions.
The point r = 0 is a genuine singularity for p < 7, with the only exception of p = 3.
Given a single Dp brane solution we can make superpositions to find new solutions for
composite objects. If we want to remain inside a supersymmetric ansatz we need to assure
that the zero point energy of the open strings ending on the branes add up to an half
integer number, so that we satisfy level matching. Concretely, for pure Dp brane bound
states, this implies a number n = 0mod(4) of ND directions. The D1-D5 solution perfectly
fits in this constraint, therefore using the harmonic superposition rule and restricting to
extremality we can write:
ds2D1,D5 = (H1H5)
−1/2(−dt2 + dy25) + (H1H5)1/2(dx21 + . . . dx24) +H1/21 H−1/25 (dy26 + . . . dy29)
F05r = ∂rH
−1
1 F056789r = ∂rH
−1
5 e
φ = gsH
1/2
1 H
−1/2
5 (3.6)
where x1, . . . x4 are the extended dimensions, so r
2 = x21 + · · ·+ x24, and y5, . . . , y9 are
compact. The harmonic functions are given by:
H1 = 1 +
q21
r2
H5 = 1 +
q25
r2
(3.7)
This expression respects (3.3) for the D5, while the D1 doesn’t match with our expec-
tation for a single D1; actually the D1 has been delocalized, or ”smeared”, over the ND
directions, see [71, 72] for details. We can check that the horizon area in the 5d Einstein
frame is zero: we first shift from String to Einstein frame in ten dimensions:
gE,10µν = e
− 1
2
φ10gS,10µν (3.8)
and then dimensionally reduce on the torus T 4 of the ND directions y6, . . . , y9 and on
the S1 labeled by y5:
gE,5µν = g
1
3
(T 4×S1)(g
E,10
µν )(t,xi) (3.9)
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where we have isolated the non compact 5d piece of the 10d metric gE,10µν . We end up
with:
ds2E,5 = −dt2(H1H5)−
2
3 + (dr2 + r2dΩ23)(H1H5)
1
3 (3.10)
Since A ∝ r3H in 5d, it’s enough to compute the radial size of the horizon, located at
r = 0:
lim
r→0
rH ∼ r(H1H5) 16 ∼ r1/3 (3.11)
therefore the area is vanishing in this limit. Moreover the Ricci scalar goes like R ∼
r−2/3, therefore there is a naked singularity.
The simplest non trivial black hole than can be constructed using BPS constituents is
the 5d Reissner-Nordstrom and it’s an extension of the D1-D5 solutions just seen, again
obtained by compactifying IIB superstring theory on T 4 × S1, but with Q1 D1 branes, Q5
D5 branes and QP units of momentum along the S
1. As visible from (3.5), going near
horizon the p-branes spacetime tend to shrink the longitudinal directions and expand the
transverse space. A generic superposition of branes will therefore deform the space in a
non homogeneous fashion, as happen in the D1-D5 solution in the compact S1. Indeed
while the ND directions are stabilized by the combined action of expansion and shrinkage
respectively of the D1 and the D5, the S1 collapses going near the horizon:
lim
r→0
√
gy5y5 ∼ r (3.12)
By letting units of momentum flow in the S1 we can stabilize it and obtain a solution
that has a correct interpretation at all scales greater than the compactification scale6. As
a last remark before writing the solution, we notice that the system has four unbroken
supercharges (1/8 BPS) out of the starting 32 of IIB, since every atom is 1/2 BPS and it’s
arranged in such a way to break different supercharges. Finally the solution [73, 74]:
ds2D1,D5,P = (H1H5)
−1/2(−dt2 + dy25 + (HP − 1)(dt+ dy5)2) +
+ (H1H5)
1/2(dx21 + . . . dx
2
4) +H
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2
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q2a
r2
a = 1, 5, P (3.13)
here Qa are non negative integers counting the number of branes and momentum
charges, and indeed they will be the charges of the gauge fields obtained by dimensional
reduction in 5d. They are related to the qa through:
6From a purely gravitation perspective the momentum excitation can be seen as a gravitation wave
moving in the S1 direction
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where the physical volume of the T 4 is (2pils)
4V and the radius of the S1 is 2pilsR, so
V and R are dimensionless. The solution is reliable if the curvatures is small compared to
the string scale, translating into:
gsQ1 >> 1 gsQ5 >> 1 g
2
sQP >> 1 (3.15)
for V and R of order 1.
Reducing to 5d, in the Einstein frame:
ds2D1,D5,P = −H−
2
3dt2 +H 13 (dr2 + r2dΩ23) H = H1H5HP (3.16)
leading to a non vanishing black hole area:
rH = rH 16 |r=0 = (q1q5qP ) 13 A = Ω3r3H = 2pi2q1q5qP (3.17)
To get the entropy we can use the Bekestein-Hawking formula, but it’s better to use a
system of units in which the gravitational constant in 5d is explicit. Using that 16piG10 =
(2pi)7l8sg
2
s we obtain:
1
16piG5
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(2pilsR)(2pils)
4V
16piG10
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(2pi)2l3sg
2
s
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resulting in a magical simplification:
S =
1
4
A
G5
= 2pi
√
Q1Q5QP (3.19)
3.1.2 Microstate Counting
The system of branes and momentum composing the black hole has a complementary
description as bound state of branes with excitations traveling on the open strings. This
description is valid in the regime [74]:
gsQ1 << 1 gsQ5 << 1 (3.20)
that is the opposite of the SUGRA limit. Here the relevant dynamic can be given
in term of the world volume theory, and since we are interested in the low energy regime
we can neglect high energy excitations of the open strings and Kaluza-Klein excitations,
apart from the Qp units of momentum on S
1. The entropically dominant configuration
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will be the one with the highest number of massless fields, and in such configuration will
we count how many possible ways to distribute the momentum excitations are there. Since
the quantity that we are computing it’s BPS and moduli invariant, we can perform the
calculation in the most convenient setting. In particular we take the volume of the T 4 very
small, so that all the KK particles cannot contribute to the massless spectrum, de facto
trivializing the T 4 contribution. Then we take the S1 very large, so that the masses of the
KK particles associated at QP are much smaller than the string scale, and the direction
y5 can be seen as non compact, so we can neglect winding modes [75]. The relevant world
volume field theory is a strongly coupled 1 + 1 dimensional N = (4, 4) supersymmetric
theory with gauge group U(Q1) × U(Q5), since the D1-D5 system leave 8 supercharges
unbroken.
After dimensional reduction the field content of the 1 + 1 world volume theory is the
following:
• (D1, D1) : string starting and ending on the D1s, there are U(Q1) vector multiplets
{A(D1)t , A(D1)y5 ,Φ(D1)i } for the non compact directions i = 1, 2, 3, 4 and hypermultiplets
Φ
(D1)
a with a = 6, 7, 8, 9.
• (D5, D5) : same as before, with Q1 → Q5.
• (D1, D5) and (D5, D1): string stretched between different branes, respectively hy-
permultiplets in the bifundamental representation (Q1, Q¯5) or (Q5, Q¯1).
We need to excite the system in such a way that the maximum number of particles
remain massless, or equivalently to find the sector of the moduli space of vacua with more
massless particles. The correct way to do it turns out to excite the hypers (Higgs branch, the
one associated to a real bound state of branes), therefore giving mass to the scalars Φ
(D1)
i
describing the transverse motion of the branes in the non compact space; the branes sit on
top of each other, as needed. The total number of hypermultiplets is 4Q21 + 4Q
2
5 + 4Q1Q5,
but we still need to impose the vanishing of the potential to have susy vacua (D-terms,
imposing 3Q21 + 3Q
2
5 constraints) and to fix the gauge freedom (Q
2
1 + Q
2
5), leaving only
4Q1Q5 massless degrees of freedom.
Having taken the S1 very large, the energy of each excitation is very small and we
only need to know the infrared limit of the effective theory of the massless particles. The
N = (4, 4) susy implies that the IR fixed point is a superconformal sigma model with
Hyper Kalher target space, so the central charge can be computed as if the fields were free.
We must account for the fermions, contributing as c = 12 to the central charge, so the total
central charge is:
c = (1 +
1
2
)4Q1Q5 = 6Q1Q5 (3.21)
since we are in 2d we can use the Cardy formula for the entropy:
S = 2pi
√
c
6
ER (3.22)
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In our case the energy is due to the KK excitation, E = QPR , therefore:
S = 2pi
√
Q1Q5QP (3.23)
From a statistical entropy calculation of open string on branes we recover the same
result obtained using Bekenstein-Hawking in gravity! This confirm the statistical inter-
pretation of the quantum microstates and marks a compelling evidence in favor of string
theory as quantum gravity theory. This remarkable agreement can be attributed to the
BPS nature of the system, meaning that susy has protected us from quantum corrections
and allowed to extrapolate from low coupling to strong coupling.
Since the agreement extends to not extremal (therefore not BPS) black holes, we
might suspect that something bigger is going on here. And it is so. Starting from the low
energy picture, we have a stack of branes sitting in flat space time at the point r = 0.
Connecting them with excited open strings we found agreement with a spacetime picture
of a bound state of branes. But in the spacetime picture the branes have distorted so much
the transverse space near the horizon that r = 0 is in fact a 3−sphere and classically we
can analitically continue past r = 0, that is we can fall inside the horizon, heading to the
singularity. In the open string picture the space stops at r = 0, what is left are excitations
of the open strings living on the D-branes. In a sense, the closed string dynamic inside the
black hole is mapped to open string physics on the horizon! This is a concrete realization
of the holographic principle [76], ultimately leading to a precise mapping in the context of
AdS spaces, the AdS/CFT correspondence [77].
3.2 The Fuzzball Proposal
The fuzzball proposal solves the information paradox by removing the black hole entirely
[6–14]. The strongest form of the proposal is the following: to every black hole microstate
is associated a smooth and horizonless SUGRA solution 7. Having removed the singularity
and the horizon, radiation processes from a fuzzball resemble more an ordinary burning
encyclopedia that an evaporating black hole. The no-hair theorem it’s violated, indeed
different fuzzball are characterized by different multipole expansions. Every solution the
paradox bring something difficult to digest and the fuzzballs make no exception: contrary
to basic expectations, quantum gravity effects would be relevant at horizon scale, that is
even with a very weak gravitational fields for macroscopic black holes.
Fuzzballs allow us to build the microstates directly in the gravity setting, even though
it’s often easier to study the corresponding world volume theory of the branes composing
the fuzzball or to use holography to have insights. The ultimate goal is to build a fuzzball
associated to an astrophysical black holes, for instance Kerr or Schwarzschild. It’s fair to say
that we are a long way to that goal, since right now we mainly deal with supersymmetric
charged black holes. The main results of the proposal were obtained studying the two
7 The generic fuzzball is a solution of the full string-M theory and the reduction to SUGRA can hide the
difference between different microstates; for instance two microstates cannot be distinguished in SUGRA if
the difference is of the same order of higher derivative corrections. It’s likely that we will need to go beyond
the SUGRA approximation to fully solve the information paradox.
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charge system, which we will review next. Later we will talk about three and four charge
black holes, the ones relevant to have non zero area in the SUGRA limit.
Previously, in (3.6), we presented the D1-D5 system, and we found a naked singularity.
We will from now on dub that system as ”naive” D1-D5, since we argue that the correct
description is given by the D1-D5 fuzzball, a smooth and horizonless solution:
ds2 =
√
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1 +K
H
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∫ LT
0
dv(F˙ (v))2
|~x− ~F (v)|2
Ai = −Q1
LT
∫ LT
0
dvF˙i(v)
|~x− ~F (v)|2 dB = − ?4 dA v = t− y5 (3.24)
the complete solution comprise the dilaton, the B fields and RR fields, but here we
limit ourselves to the metric, see [13, 78] for more details. Here ~F (v) are the hairs of
fuzzball: an arbitrary closed, smooth and not intersecting curve discriminating between
different fuzzballs. The constant LT is real and positive, its interpretation will be clear
soon. The simplest possible fuzzball has a circular profile singularity:
F1 = cos(ωv), F2 = sin(ωv), F3 = F4 = 0 (3.25)
for some real parameter ω. Of course this a pretty non generic fuzzball, being so
symmetric, but it retains the main features of every other fuzzball, namely: from very far
away (r →∞) has the same asymptotic charges of the naive solution, then for a sufficiently
low values of the radius it approximate AdS3 × S3 × T 4 (similarly to the naive solution),
but then starts to differ dramatically near the would be horizon, r = 0. The singularity is
replaced by a smooth cap which shape is parametrized by the function F (v) living in the
non compact R4. This is an important point that deserve to be treated in some detail,
basically we want to prove that the singularity in the harmonics of (3.24) are harmless and
the spacetime shrinks smoothly. Following [7] we select a certain point v0 on the curve, we
zoom in near this point and introduce a coordinate system with z measuring the distance
along the curve in the flat metric and spherical polar (ρ, θ, φ) for the 3-plane perpendicular
to the curve. Therefore near v0:
z ∼ | ~˙F (v)|(v − v0) (3.26)
H−1 ∼ Q1
LT
∫ +∞
−∞
dv
ρ2 + z2
=
Q1pi
LT | ~˙F (v)|ρ
K ∼ Q1pi|
~˙F (v)|
LTρ
Ai ∼ −Q1pi
LTρ
(3.27)
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Introducing Q = Q1piLT , the (y5, ρ, θ, φ) piece of the metric becomes:
ds2y5,ρ,θ,φ =
ρ
Q
(dy5 −Q(1− cosθ)dφ)2 + Q
ρ
(dρ2 + ρ2(dθ2 + sin2θdφ2)) (3.28)
This is a Kaluza-Klein monopole, which it’s completely free of singularities and caps
smoothly if the circle y5 is compactified with the right periodicity, as it happens in this
case. Apart from the trivial T 4, the other two directions are regular too:
ds2t,z = −
ρ
Q
dt2 − 2dtdz (3.29)
In summary, the spacetime is smooth, there are no singularities or horizon, and in fact
the spacetime ends at the location of the would be horizon, with a shape characteristic of
every single fuzzball solution. The missing interior is reminiscent of the old proposal of
”bubbles of nothing”, see [79, 80].
Some features of two charge fuzzballs, like the microstate counting or the spacetime
size can be better appreciated in the duality frame F1− P , related by a chain of dualities
to D1−D5. Explicitly:
(
D1(5)
D5(56789)
)
→S
(
F1(5)
NS5(56789)
)
→T56
(
P(5)
N5S(56789)
)
→S
(
P(5)
D5(56789)
)
→T(6789)
→
(
P(5)
D1(5)
)
→S
(
P(5)
F1(5)
) (3.30)
Both entropy counting and size considerations are not affected by the duality frame, in
particular the latter doesn’t change in the Einstein frame, since S dualities act trivially
on the metric, and T dualities are performed only in compact directions. Consider a
fundamental string wrapped on an S1 with Qw units of winding and Qp units of momentum,
therefore with waves traveling in only one direction around S1, say only left moving. The
many ways to partition the momentum excitations among different harmonics are the
microstates we are going to count. From elementary string theory, the mass of a string
excitation is given by:
m2 = (2piRQwT − QP
R
)2 + 8piTNL = (2piRQwT +
QP
R
)2 + 8piTNR (3.31)
where T is the string tension and R the radius of S1. Since we have a BPS string with
only left moving excitations, NR = 0, therefore:
NL = QwQP (3.32)
Since NL is taken to be large (remember that QwQP are dual to the D1 and D5
charges), we can use the Cardy formula for the entropy. We know, as apparent using a
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light-cone gauge, that the dynamic degrees of freedom of a string are expressed by 8 bosonic
oscillators in transverse directions and the corresponding 8 fermionic oscillators. The total
central charge is therefore c = 8 + 8/2 = 12 and the entropy is given by:
S ∼ ln(e2pi
√
c
6
NL) = 2
√
2pi
√
QwQP (3.33)
Remarkably, the same result can be obtained in gravity in two completely different
ways: firstly, by considering higher derivative terms in the lagrangian the naive D1-D5
system acquire a non zero, but still Planck sized, area. One should use the Wald entropy
[81], generalizing the Bekenstein entropy when there are higher derivatives corrections,
and agreement has been found with the microscopic calculation [82]. Secondly, we can
quantize the supergravity space of fuzzballs, namely by imposing commutation relations to
the string profiles characterizing the solution and quantizing the moduli space of regular
solutions with fixed charge [83, 84]. It’s highly non trivial that the latter computation
has given the full microscopic entropy, since this is telling us that supergravity is powerful
enough to contain all the microstate of the two charge system.
The complete SUGRA solution of the F1-P fuzzball is [12]:
ds2 = H[−dudv +Kdv2 + 2Aidxidv] + dx2i + dy2a
Buv = −1
2
(H − 1) Bvi = HAi e2φ = H (3.34)
with the same harmonics of (3.24), in which now we understand that LT it’s the total
length of the multiwound string. In this duality system the function F (v) has a manifest
interpretation in terms of profile oscillation of the string in the non compact space. Indeed
the traveling waves have no longitudinal component, thus all the momentum must be
carried transversally to the string. This implies that the fuzzball has a non trivial size, and
approximate calculations show that the region in which fuzzball start to differ substantially
from the naive solutions has an area satisfying a Bekenstein-Hawking relation, namely:
A
4G10
∼
√
QwQP (3.35)
In summary, the two charge system is a full implementation of the fuzzball proposal:
given a singular naive solution we are able to find the ”true” SUGRA description, which
turns out to be regular and horizonless. The region in which the fuzzball differ from the
naive solution is horizon-sized and there are enough microstates to match the expectations
from a microscopic counting. The main issue is that D1-D5 naive system it’s not really a
black hole, at least not a macroscopic one.
Macroscopic fuzzballs can be obtained from three and four charge black holes, the
rationale is the same already seen for the two charge case, but there is no systematic way
to construct these gravity solutions. The literature has mainly focused on the quest for
three charge BPS regular solutions, in particular on the D1-D5-P system, in order to reuse
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Figure 4. [14] Comparison between a traditional black hole (a) and a fuzzball (b).
much of the technology know from the D1-D5 system. Indeed building gravity solutions
is hard, no escape from that (just remind that finding Kerr, in simple general relativity,
took approximately 50 years!). Moreover we expect the typical SUGRA fuzzball to have all
the possible fields turned on, since these fields work to regularize the black holes, similarly
to regular black hole models that can be obtained in scalar tensor theories. Nevertheless,
inspiration can come from the microscopic side, which is sometimes easier to deal with.
The main microscopic tools are:
• worldvolume theory: usually very difficult to deal with directly, but excellent for
microstate counting.
• string scattering amplitudes: computations are cumbersome, but it’s relatively under
control. It allows to get information on the SUGRA solution, for instance on which
fields are turned on.
• holography: exploiting the fact that extremal black holes contain AdS spaces as near
horizon limit, one can use AdS/CFT to get insights on the SUGRA solution.
The holographic approach is particularly popular for AdS3/CFT2 and the D1-D5 CFT
has been thoroughly studied, explaining the huge literature on three charge black holes. To
concretely find SUGRA solutions, two main techniques are used: supersymmetric classifi-
cation and limits of known solutions. The former method consist in taking solution valid for
arbitrary data, for instance an extremal solution given in terms of generic harmonic func-
tions, and finding the data leading to regular solutions. The latter method has been used
for non supersymmetric solutions, but has the disadvantage of finding rather non generic
and symmetrical fuzzballs, witch are dual to atypical microstates. The general state of the
art is that, even though many regular solution has been found, a fuzzball generic enough
to account for the expect behaviour of the entropy S ∼ √Q1Q2Q3 has not been discovered,
see [13, 85, 86] for details and recent results.
The four charge case have been touched sporadically, since the AdS2/CFT1 is rather
poorly understood and the possibility of lifting the problem to M-theory to use again
AdS3/CFT2, with the so called MSW CFT [87], it’s not an easy way out either, see for
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some recent progress [88]. In this thesis we will exploit the two alternatives to holography
to get insight into four charge black hole physics.
We briefly touch two important but still rather unexplored topics: the effective forma-
tion of the classical event horizon and the creation of astrophysical fuzzballs. The horizon
can be thought as arising from a coarse-graining procedure of the horizonless geometries,
even though no explicit calculation has ever been carried due to the lack of an explicit basis
for macroscopic fuzzball geometries. This is analogous to thermodynamics, in which we
assign some small set of macroscopic parameters, including entropy, to describe a bunch of
particles as a gas. If we specifies position, velocity and charges of every particle we know
exactly the state and the associated entropy is zero. In the same fashion we can choose
between an exact description of a zero entropy (and horizonless) microstate or we can ig-
nore the region in which the ensemble of microstates differs between each other, that is a
space enclosed by the area of the would-be black hole with the same asymptotic charges,
associating an entropy to our ignorance; this entropy it’s related via Bekenstein-Hawking
to the area of the ”ignored volume” and enjoys a statistical description in terms of the
compatible microstates.
The dynamic formation of a fuzzball should be something pretty spectacular: a macro-
scopic collapsing astrophysical soup suddenly obeys to the laws of quantum gravity and
generates a fuzzball. Classical SUGRA fuzzballs can be thought as energy eigenstates of a
(not well specified) quantum picture and in principle every object should have some proba-
bility to tunnel into one of such fuzzballs. Of course this probability is exponentially small,
otherwise we should see objects around us popping in and out of existence. The tunnel
amplitude can be estimated as [29]:
A ∼ e−Stunnel (3.36)
where from dimensional consideration for an object of mass M spread over a region or
size GM we can estimate the action as:
Stunnel ∼ 1
G
∫
Rd4x ∼ 1
G
1
(GM)2
(GM)4 ∼ GM2 (3.37)
Even though tunneling is exponentially unlikely as the mass grows, black hole mi-
crostates have an huge exponential degeneracy
N ∼ e−Sbek−hawk ∼ e−GM2 (3.38)
resulting in an overall O(1) possibility of tunneling into a fuzzball. This heuristic
picture can be backed up by a more concrete estimate in terms of spreading of the quantum
gravity wavefunctional in the superspace of the 3-geometries [89]. It’s fair to say that a
definitive picture for the formation of horizon-sized fuzzballs is still in his infancy and more
work need to be done in this exciting direction. Regarding the dynamics of an infalling
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observer, a naive interpretation of the ”non vacuum” nature of the fuzzball boundary would
suggest a ”brick wall” at the would horizon, even though has been proposed (fuzzball
complementarity) that an apparent harmful dynamic could be recovered for an infalling
observer; we will not delve into this muddy territory limiting ourselves to point out relevant
literature [90–93].
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Brane t x1 x2 x3 y1 y˜1 y2 y˜2 y3 y˜3
D30 − . . . − . − . − .
D31 − . . . − . . − . −
D32 − . . . . − − . . −
D33 − . . . . − . − − .
Table 4. D3-brane configuration: Neumann (N) and Dirichlet (D) directions are represented by
lines and dots respectively.
4 From Open Strings to Supergravity
Consider a four charge BPS system in string theory, we will focus on these systems in
the whole thesis. There are different u-duality frames from which to choose, for instance
D6-D2-D2-D2, D0-D4-D4-D4 in IIA superstring theory, M5-M5-M5-P in M-theory and the
one that we will pick in this section, the D3-D3-D3-D3 system in IIB superstring theory.
A possible BPS arrangement of the branes is given in the table, notice that each brane
has exactly 4 ND directions with respect to each other brane. Here xi are non compact
coordinates, while yI , y˜I label the three internal T
2s of the compact T 6, the latter being
the simplest consistent manifold that we can choose to compactify to four dimensions.
The naive metric associated to this configuration can be constructed with the harmonic
superposition rule:
ds2 = (H0H1H2H3)
− 1
2dt2 + (H0H1H2H3)
1
2
3∑
i=1
dx2i + (
H2H3
H0H1
)
1
2dy21 + (
H0H1
H2H3
)
1
2dy˜21 +
+ (
H0H2
H1H3
)
1
2dy22 + (
H1H3
H0H2
)
1
2dy˜22 + (
H0H3
H1H2
)
1
2dy23 + (
H1H2
H0H3
)
1
2dy˜23 (4.1)
where HA = 1 +
QA
r . What is the fuzzball of the D3
4 black holes? As usual with
extremal solutions, it’s possible to express the solution in terms of arbitrary harmonic
functions, of which the previous choice for HA it is the simplest possibility, leading to a
black hole. Such a generic solution for a 10d four charge system in IIA has been written
in [94] and T-dualized, see the appendix for details, to the D34 system in [15], leading to:
ds2 = −e2U (dt+ w)2 + e−2U
3∑
i=1
dx2i +
3∑
I=1
[
dy2I
V e2UZI
+ V e2UZI e˜
2
I
]
C4 = α0 ∧ e˜1 ∧ e˜2 ∧ e˜3 + β0 ∧ dy1 ∧ dy2 ∧ dy3
+
1
2
IJK (αI ∧ dyI ∧ e˜J ∧ e˜K + βI ∧ e˜I ∧ dyJ ∧ dyK) (4.2)
Parameterized in terms of eight harmonic functions (a = 1, . . . 8, I = 1, 2, 3)
Ha = {V,LI ,KI ,M} (4.3)
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on (flat) R3 associated to the four electric and four magnetic charges in the type IIA
description of the system. These functions are conveniently combined into
PI =
KI
V
ZI = LI +
|IJK |
2
KJKK
V
µ =
M
2
+
LIKI
2V
+
|IJK |
6
KIKJKK
V 2
(4.4)
Here IJK characterise the triple intersections between two cycles on T
6 and:
e−4U = Z1Z2Z3V − µ2V 2
bI = PI − µ
ZI
e˜I = dy˜I − bI dyI
α0 = A− µV 2 e4U (dt+ w) αI = −(dt+ w)
ZI
+ bI A+ wI
β0 = −v0 + e
−4U
V 2Z1Z2Z3
(dt+ w)− bI vI + b1 b2 b3A+ |IJK |
2
bI bJ wK
βI = −vI + |IJK |
2
(
µ
ZJZK
(dt+ w) + bJ bK A+ 2bJ wK
)
(4.5)
and
∗3dA = dV ∗3dwI = −dKI ∗3dv0 = dM ∗3dvI = dLI
∗3dw = V dµ− µdV − V ZIdPI (4.6)
For KI = M = 0, the supergravity solution (4.2) describes a system of four stacks
of intersecting D3-branes aligned according to the table, but a suitable choice for Ha can
be the fuzzball that we are looking for. The probability of randomly guessing the correct
harmonic between an infinity of possibilities is zero, so to get some insights we can zoom
into the microscopic world and compute the closed string emission of the branes. We will
mainly follow the analysis of [15, 95] in this section.
The microscopic picture is given by four stack of D3 branes connected by open strings,
with Chan-Paton indices labeling branes on which the string endpoints lie. As every other
object in a gravitational theory, this brane system must emit closed string from which we
can reconstruct the leading orders of the SUGRA solution. The computation is performed
at small string coupling gs and we can expect to match the SUGRA expansion in gs to
scattering amplitudes involving a growing number of stacks; the scattering amplitudes are
mixed open-closed disk amplitudes, since that is the leading contribution in the wordsheet
gs expansion. The emission from a single stack will be associated to the naive SUGRA
brane, but already for two stacks we can predict that higher multipole modes will be excited
in SUGRA. To summarize the philosophy of the computation: to every microscopic open
string configuration it corresponds a precise multipole expansion, that is the microstates of
the gravity picture identifying a particular fuzzball. Unfortunately with this analysis it’s
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Figure 5. [96] Depiction of the scattering of a closed string on a brane, followed by a split into
two open strings living on the brane. The time reversal process can be seen as the emission from
the brane. On the right the associated worldsheet diagram.
not possible to exactly reconstruct the harmonics, but only to get the leading behaviour.
The distinctive features of four charge black hole microstates should be captured by scat-
tering amplitudes involving a full circle of open strings touching every stack at least once.
The number of different microscopic configurations will be proportional to Q1Q2Q3Q4,
where Qa is the number of branes in the stack a: this is the same product appearing into
the quartic Cremmer-Julia U-duality invariant of E7(+7) in N = 8, d = 4 SUGRA, the
invariant being of course the area (or the entropy) [97]:
S = 2pi
√
Q1Q2Q3Q4 (4.7)
Coming back to the harmonics, since we noticed that the four functions KI and M
are associated to the non trivial configurations, we should demand that their behaviour at
infinity doesn’t modify the asymptotic charges, but only higher order multipoles. Indeed
we expect the microstates to start differing from the coarse grained description only when
approaching the black hole, whilst far away there shouldn’t be any detectable difference.
The expected falling off at infinity is therefore:
LI ≈ 1 + αD3 NI|x| + . . . V ≈ 1 + αD3
N0
|x| + . . .
KI ≈ αD3 cKIi
xi
|x|3 + . . . M ≈ αD3 c
M
i
xi
|x|3 + . . . (4.8)
with ci some constants, αD3 = 4pi gs (α
′)2/VT3 the inverse D3-brane tension and VT3 the
volume of the 3-torus wrapped by the stack of D3-branes, that for simplicity we will take to
be equal for all the stacks. The explicit string computations will show that the coefficients
ci’s entering in (4.8) satisfy the relation
cMi +
3∑
I=1
cKIi = 0 (4.9)
or equivalently the function µ defined in (4.4) starts at order 1/r3 [15, 95]. Since at linear
order in αD3, the harmonic functions entering in the solution simply add, we can consider
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the contribution of each harmonic function separately, even though the complete gravity
solution will not simply be the ”linear” superposition of this simple solutions. In particular,
we define three basic class of solutions: L solutions are associated to the harmonic functions
LI , V with KI = M = 0. K solutions are generated by turning on a single KI harmonic
function for a given I and taking M = −KI . Finally M solutions are associated to the
orthogonal combination M +
∑
I KI that is generated at order 1/r
3, or equivalently the
monopole and dipole modes are vanishing. More generally, the harmonic functions Ha
entering into the supergravity solutions can be conveniently expanded in multi-pole modes.
The general expansion can be written as
Ha(x) = ha +
∞∑
n=0
cai1...inPi1...in(x) (4.10)
with Pi1...in(x) a totally symmetric and traceless rank n tensor providing a basis of harmonic
functions on R3. The explicit form of Pi1...in(x) can be found from the multi-pole expansion
1
|x+ a| =
∞∑
n=0
ai1 . . . ainPi1...in(x) (4.11)
For example for n = 0, 1, 2 one finds
P (x) =
1
|x| Pi(x) = −
xi
|x|3 Pij(x) =
3xixj − δij |x|2
|x|5 (4.12)
and so on. We notice that the form of the Fourier transform is very simple:
Pi1...in(x) =
∫
d3k
(2pi)3
eikxP˜i1...in(k) (4.13)
and using
1
|x+ a| =
∞∑
n=0
ai1 . . . ainPi1...in(x) = 4pi
∫
d3k
(2pi)3
eik(x+a)
k2
(4.14)
one finds that the Fourier transform of the harmonic functions Pi1...in(x) are simply poly-
nomials of the momenta divided by k2
P˜i1...in(k) =
4pi in
n! k2
ki1 . . . kin (4.15)
Disk amplitudes will be conveniently written in this basis. We notice that even if the single
harmonic components Pi1...in(x) are singular at the origin, in analogy with the 2-charge
case [7, 12], one may expect that for an appropriate choice of the coefficients ci1...in the
infinite sum (4.10) produce a fuzzy and smooth geometry. This was explicitly shown in
[98] for a class of solutions parametrized by one complex harmonic function H = H1 + iH2
obtained from our general solution by taking
H1 = L1 = L2 = L3 = V
H2 = K1 = K2 = K3 = −M (4.16)
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4.1 String amplitudes and 1-charge microstates
To settle the notation and review the emission from branes we start with the trivial 1-charge
microstates, that is the emission from a single brane. At weak coupling, the gravitational
background generated by a D-brane can be extracted from a disk amplitude involving the
insertion of a closed string states in the bulk and open string states specifying the D-brane
micro-state on the boundary. The vev of the open string state, or condensate, is specified
by a boundary operator O given by a trace along the boundary of the disks as a product
of constant open string fields. The profile of a supergravity field Φ in the micro-state
geometry can be reconstructed from the string amplitude AΦ,O(k) after Fourier transform
in the momentum k of the closed string state. Moreover, since we consider constant open
string fields we can consistently take all the open strings momenta to be vanishing. The
closed string momentum satisfies k2 = 0 and kMEMN = 0, moreover we concentrate on
a purely spatial momentum kM = {k0, ki, kint} = {0, ki, 0}, analytically continuing the
momentum to complex values in order to be consistent with the mass-shell condition.
Explicitly, the deviation δΦ˜(k) from flat space of a field Φ˜(k) is extracted from the string
amplitude via the bulk-to-boundary formula
δΦ˜(k) =
(
− i
k2
)
δAΦ,O(k)
δΦ
(4.17)
with (−i/k2) denoting the massless closed string propagator for the (transverse) physical
modes.
We notice that the limit of zero momenta for open string states is well defined only
in the case the disk diagram cannot factorize into two or more disks via the exchange of
open string states. Indeed, in presence of factorization channels the string amplitude has
poles in the open string momenta, the underlying world-sheet integral diverges and there
is no corresponding SUGRA emission. We will always carefully choose the open string
polarizations in such a way that no factorization channels be allowed. As a result, one
finds that, up to 1/k2, δΦ˜(k) is a polynomial in ki and therefore can be expressed as a
linear combination of harmonic functions P˜i1...in(k) in momentum space
δΦ˜(k) =
∑
n
cΦi1...inP˜i1...in(k) (4.18)
In this section we illustrate the stringy description of the micro-state geometry for the very
familiar case of parallel (wrapped) D3-branes. The vacua of this system are parametrised by
the expectation values of the (three) scalar fields φi, along the non-compact directions. The
general open string condensate involves an arbitrary number of insertions of the untwisted
field φi on the boundary of the disk, where on the other hand twisted strings are the
one connecting different branes. The associated micro-state geometry is described by a
D3-brane solution characterized by a smooth multi-pole harmonic function determined by
the open string condensate [99]. The string computation will allow us to fix the relative
normalization between the NS and RR vertices that will be used in the analysis of 2- and
4-charge intersections in the next sections.
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For concreteness we consider the supergravity solution generated by a single stack of
D3-branes labeled as D30 in the previous table. We dub them L solutions, defined as:
V = L(x) M = KI = 0 LI = 1 (4.19)
in (4.2). This results into
e−2U = L1/2 e˜I = dy˜I µ = 0
dA = ∗3dL α0 = A β0 = L−1 dt w = βI = 0 αI = −dt (4.20)
The Type IIB supergravity solution reduces to (discarding d-exact terms) 8
ds2 = L−1/2
(
−dt2 +
3∑
i=1
dy2i
)
+ L1/2
3∑
i=1
(
dx2i + dy˜
2
i
)
C4 = L
−1 ∧ dt ∧ dy1 ∧ dy2 ∧ dy3 +A ∧ dy˜1 ∧ dy˜2 ∧ dy˜3 (4.21)
At linear order in αD3 one finds
δgMNdx
MdxN =
δL
2
[
dt2 −
3∑
i=1
(dy2i − dx2i − dy˜2i )
]
+ . . .
δC4 = −δL ∧ dt ∧ dy1 ∧ dy2 ∧ dy3 +A ∧ dy˜1 ∧ dy˜2 ∧ dy˜3 + . . . (4.22)
with δL = L− 1 and A both or order αD3. In particular one can take
L = 1 +
αD3N0
|x| + . . . ∗3dL = dA (4.23)
corresponding to N0 D3 branes on R
3. In the next section, we will try to recover this
SUGRA structure from the closed string emission of the brane.
4.1.1 NS-NS amplitude
Let’s consider a single D3-brane. The moduli space is parametrized in terms of vacuum
expectation value of open string scalar fields φi describing the position of the brane in
the transverse space. The associated supergravity solution can be extracted from disk
amplitudes involving the insertion of one closed string field and a bunch of open scalar
fields φi at zero momenta.The open string background can be conveniently encoded in a
generating function
ξ(φ) =
∞∑
n=0
ξi1...inφ
i1 . . . φin (4.24)
The relevant vertex operators are9
WNS−NS(z, z¯) = cNS (ER)MN e−ϕψMeikX(z) e−ϕψNeikRX(z¯)
Vξ(φ)(xa) =
∞∑
n=0
ξi1...in ∂X
i1(x1)
n∏
a=2
∫ ∞
−∞
dxa
2pi
∂Xia(xa) (4.25)
8For a spherical symmetric harmonic function L(r) = Q/r one finds A = Q cos θ dϕ in spherical coordi-
nates where dx2i = dr
2 + r2(dθ2 + sin2 θ dϕ2).
9 Here the correlator is evaluated for generic n 6= 0 and the n = 0 term is obtained by extrapolation. A
direct evaluation of this term is subtler since there are not enough insertions to completely fix the SL(2,R)
world-sheet invariance.
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with E = h+ b the polarization tensor containing the fluctuation h of the metric and b of
the B-field and cNS a normalisation constant; moreover ϕ is a scalar field that bosonize
the superghost, and ψ and X are the worldsheet fermions and bosons respectively. The
momentum of the closed string state will be labeled by k. Henceforth we denote by X(z)
the holomorphic part of the closed string field X(z, z¯) = X(z)+RX(z¯) with R the reflection
matrix implementing the boundary conditions on the disk. More precisely, R is a diagonal
matrix with plus one (+1) and minus one (-1) along the Neumann and Dirichelet directions,
respectively. In particular for a disk of type 0, we have plus along t, yI and minus along
xi, y˜I , consequently kR = −k.
Left and right string sectors are related by:
XMright = R
M
N X
N
left ψ
M
right = R
M
N ψ
N
left ϕright = ϕleft (4.26)
We choose length units whereby α′ = 2. Moreover we exploit SL(2,R) invariance of
the disk to fix the positions of the closed string and the first of the open string insertions.
Other open string vertices are integrated along the real line to take into account all possible
orderings of the insertions.
The resulting string amplitude can be written as
ANSNS,ξ(φ) = 〈c(z)c(z¯)c(z1)〉
〈
WNSNS(z, z¯)Vξ(φ)
〉
(4.27)
The basic contributions to the correlators are
〈c(z)c(z¯)c(z1)〉 = (z − z¯)(z¯ − z1)(z1 − z)〈
eikX(z)e−ikX(z¯) ∂Xia(xa)
〉
= ikia
(
1
z − xa −
1
z¯ − xa
)
= ikia
z¯ − z
|z − xa|2〈
e−ϕψM (z)e−ϕψN (z¯)
〉
=
δMN
(z − z¯)2 (4.28)
Using ∫ ∞
−∞
dxa
(z¯ − z)
|z − xa|2 = −2pii (4.29)
one finds
ANS−NS,ξ(φ) = i cNS tr(ER)ξ(k) (4.30)
The asymptotic deviation from the flat metric can be extracted from
δg˜MN (k) =
(
− i
k2
) ∞∑
n=0
δANS−NS,φn
δhMN
= cNS
ξ(k)
k2
(ηR)MN (4.31)
After Fourier transform one finds
δgMN =
∫
d3k
(2pi)3
δg˜MN = −1
2
(ηR)MN δL(x) (4.32)
with the identification
δL(x) = −2 cNS
∫
d3k
(2pi)3
ξ(k)
k2
eikx (4.33)
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We conclude that the function ξ(φ) codifies the complete multipole expansion of L(x) in
terms of vacuum expectation values for untwisted scalar fields
ξi1...in = 〈trφi1 . . . φin〉 (4.34)
In particular, the harmonic function for a single D3-brane at position a, is realized by
taking
ξ(φ) ∼ ei a φ (4.35)
that reproduces the multipole expansion (4.11) of L(x) according to (4.33). In summary,
the one boundary computation found a SUGRA emission is compatible with the monopole
(4.23), as expected for a single stack of branes.
4.1.2 R-R amplitude
Next we consider the R-R string amplitude
AR−R,ξ(φ) = 〈c(z)c(z¯)c(z1)〉
〈
WR−R(z, z¯)Vξ(φ)
〉
(4.36)
with
WR−R(z, z¯) = cR (FR)ΛΣ e−
ϕ
2 SΛeikX(z) e−
ϕ
2 SΣ eikRX(z¯)
Vξ(φ) =
∞∑
n=0
ξi1...ine
−ϕψi1(z1)
n∏
a=2
∫ ∞
−∞
dxa
2pi
∂Xia(xa) (4.37)
Here
SΛ = e
i
2
(±ϕ1±ϕ2···±ϕ5) with even # of −′ s (4.38)
represents a ten-dimensional spin field of positive chirality with Λ = 1, . . . 16 and
F =
∑
n
1
n!
FM1...MnΓ
M1...Mn R = Γty1y2y3 (4.39)
where F are the R-R field strengths and R is the reflection matrix in the spinorial
representation.
The basic contributions to the correlators are given by the first two lines of (4.28) and〈
e−
ϕ
2 SΛ(z)e−
ϕ
2 SΣ (z¯)e−ϕ ψM (z1)
〉
=
1√
2
(ΓM )ΛΣ
(z − z¯)|z − z1|2 (4.40)
Altogether one finds
AR−R,ξ(φ) = i
cR√
2
tr16(CR)ξ(k) = 16 i cR√
2
ξ(k)Cty1y2y3 (4.41)
where we wrote F = ikiΓiC. Here and below we will always restrict ourselves to the ‘electric’
components CtM1M2M3 since the remaining ‘magnetic’ components are determined by the
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self-duality of F5. The R-R fields at the disk level is then determined from the corresponding
variation of the string amplitudes
δC˜ty1y2y3 =
(
− i
k2
) ∞∑
n=0
δAR−R,ξ(φ)
δCty1y2y3
= 8
√
2 cR
ξ(k)
k2
(4.42)
Choosing
cR =
cNS
4
√
2
(4.43)
and using (4.33) one finds
δCty1y2y3 = −δL(x) (4.44)
in agreement with (4.22) for an arbitrary harmonic function L(x) specified by ξ(k) via
(4.33).
4.2 2-charge microstates
Next we consider the K solutions:
K3 = −M = K(x) µ = 0 LI = V = 1 K1 = K2 = 0 (4.45)
For this choice one finds
e−2U = 1 ∗3dw = −dK e˜1 = dy˜1 e˜2 = dy˜2 e˜3 = dy˜3 −K dy3
α0 = βI = 0 α1 = α2 = −(dt+ w) α3 = −dt β0 = dt (4.46)
and the resulting supergravity solution reduces to (discarding d-exact terms)
ds2 = −(dt+ w)2 +
3∑
i=1
(
dx2i + dy
2
i + dy˜
2
i
)− 2K dy3 dy˜3 +K2 dy23
C4 = −(dt+ w) ∧ e˜3 ∧ (dy1 ∧ dy˜2 + dy˜1 ∧ dy2) (4.47)
Similar solutions are found by turning on K1 or K2. At leading order in αD3, K solutions
reduce to
δgMNdx
MdxN = −2 dtw − 2K dy3dy˜3 + . . . (4.48)
δC4 = (K dt ∧ dy3 − w ∧ dy˜3) ∧ (dy1 ∧ dy˜2 + dy˜1 ∧ dy2) (4.49)
with
∗3dw = −dK (4.50)
and K a harmonic function starting at order |x|−2. For example one can take K to be
K =
vixi
|x|3 + . . . (4.51)
while
w = ijk vi
xj dxk
|x|3 + . . . (4.52)
This solution is interesting since it contains higher order multipoles, therefore correc-
tions to the naive brane solution.
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4.2.1 NS-NS amplitude
In this section we compute the NS-NS disk amplitude generating the metric of the K
solutions. The relevant string amplitude has been computed in [78] for the case of D1-
D5-branes and in [15, 95] for the D3-D3’ setup. The system considered is a non threshold
bound state of D-branes, meaning that the solution is not in a naive BPS superposition
and individual branes cannot be freely separated (Higgs branch). From the microscopical
point of view, this is signaled by the presence of a non zero open string condensate, or in
other words of a non zero v.e.v. for the fields associated to open strings stretched between
different branes.
Consider a non-trivial open string condensate
OAB = tr µ¯(AµB) ξ(φ) (4.53)
with µ¯A a fermionic excitation of the open string starting from D30 and ending on D33
and µB a fermion excitation of the open string with opposite orientation. Here and below
we denote with trace the sum over Chan-Paton indices along the boundary of the disk.
The open string condensate microscopically encodes the different microstates of the black
hole geometries. The condensate can be linked to the profile function f(v) appearing as
a displacement of the center of the D1D5 fuzzball harmonic functions or alternatively
as the profile of the oscillation of the string in the U-dual F1-P (fundamental string with
momentum) system [6, 7, 100–102]. More precisely the condensate is linked to the derivative
of f(v) [78], therefore it gives the dynamic part of the displacement, whether the fixed
part can be encoded in the untwisted scalars, as we have already said. While here the
condensate is an arbitrary real number, in a proper treatment based on the microscopic
theory on the world-volume of the D-branes it will be a definite number, once all the
underlying normalizations are fixed.
We organize the states in representations of the SO(1, 5) Lorentz symmetry rotating
the six-dimensional hyper-plane along which the two stacks of branes are NN or DD, i.e.
the space-time and the y3, y˜3 directions. Upper (lower) indices A = 1, . . . 4 and Mˆ = 1, . . . 6
run over the right (left) spinor and vector representations of this group, respectively. The
projection onto the symmetric part is required by the irreducibility of the string diagram
since the anti-symmetric part of the fermionic bilinear produces a scalar field φ[AB] and
consequently a factorization channel10.
The relevant disk amplitude can be written as
ANS−NS
µ2,ξ(φ)
=
∫
dz4〈c(z1) c(z2) c(z3)〉
〈
Vµ¯(z1)Vµ(z2)W (z3, z4)Vξ(φ)
〉
(4.54)
10More in detail: the fermionic condensate µAµ¯B , where A,B = 1, . . . , 4, factorizes as 4 × 4 = 6 + 10.
The 6, the anti-symmetric part of the product, is simply the vectorial representation, corresponding to the
ΓMˆ[AB] (Mˆ = 1, . . . , 6) appearing in the fermionic kinetic term in the effective lagrangian, therefore giving a
factorization channel for the NSNS-fermion-fermion diagram into two diagrams linked by a massless scalar
field φ[AB]. To get a non factorizable diagram, one must restrict to the symmetric part of the product for
which no fields with suitable indices are present.
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Figure 6. [103] Worldsheet diagram for two stack of branes connected by twisted fermionic strings.
The closed string vertex operator is inserted in the bulk. Here D1-D5 and D3-D3’ are interchange-
able.
with
Vµ¯(z1) = µ¯
A e−ϕ/2 SAσ2σ3
Vµ(z2) = µ
B e−ϕ/2 SBσ2σ3 (4.55)
Vξ(φ) =
∞∑
n=0
ξi1...in
n∏
a=1
∫ ∞
−∞
dxa
2pi
∂Xia(xa)
W (z3, z4) = cNS (ER)MNe
−ϕψM eikX(z3)(∂XN + i kψ ψN )e−ikX(z4)
Here σI denotes the Z2-twist field along the Ith T 2 inside T 6 with conformal dimension
1/8 and
SA = e
± 1
2
(iϕ3±iϕ4±iϕ5) even number −′ s (4.56)
the spin field on the six-dimensional plane along which D3-branes are NN or DD.
To evaluate the correlator one can consider a specific component and then use SO(6)
invariance to reconstruct its covariant form. For instance, if we take A = B = 12(+++), the
open string condensate contributes a net charge +2 along the first three complex directions,
so that only the ψ:ψψ: term can contribute to the correlator. The relevant correlators are
dz4〈c(z1) c(z2) c(z3)〉 = dz4 z12 z23 z31 = dw (z14z23)2〈
eikX(z3)e
−ikX(z4)Vξ(φ)
〉
= ξ(k)〈
e−ϕ/2(z1)e−ϕ/2(z2)e−ϕ(z3)
〉
= z
−1/4
12 (z13z23)
−1/2
〈σ2σ3(z1)σ2σ3(z2)〉 = z−1/212〈
SA(z1)SB(z2)ψ
Mˆ (z3)ψ
NˆψPˆ (z4)
〉
=
ΓMˆNˆPˆAB z
3/4
12
2
√
2(z13z23)1/2z14z24
(4.57)
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with w = z13z24z14z23 . We notice that the scalar fields factorize from the rest, since they are
always oriented along the non compact space directions, while twist fields are along T 6.
The zi dependence boils down to the worldsheet integral
I =
∫
γ
dw
w
= 2pii (4.58)
where γ is a small contour around the origin. On the other hand the open string condensate
can be written as 〈
tr µ¯(AµB)
〉
=
cO
3!
vMˆNˆPˆ (Γ
MˆNˆPˆ )AB (4.59)
with vMNP a self-dual tensor in six-dimensions and cO a normalisation constant. Combin-
ing (4.59) with (4.57) and taking
cO =
1√
2 I cNS
(4.60)
one finds
ANS−NS
µ2,ξ(φ)
=
1
3!
(ER)MˆNˆkPˆ v
MˆNˆPˆ ξ(k) (4.61)
As before, the factor ξ(k) comes from untwisted insertions and is associated to higher
multi-pole modes of the underlying harmonic function, so it is enough to match the leading
term, i.e. we set ξ(k) = 1. Assuming a vIˆJˆKˆ of the form
vy3y˜33 = −v12t = 4pi v (4.62)
and using (4.61) one finds
δg˜2t = −4piv k1 δg˜1t = 4piv k2 δg˜y3y˜3 = −4piv k3 (4.63)
After Fourier transform one finds
δg2t = −v x1|x|3 δg1t = v
x2
|x|3 δgy3y˜3 = −v
x3
|x|3 (4.64)
in agreement with (4.48) for the choice (4.51) with vi = δi3 v. We conclude that the
harmonic function K3 describes a particular component of the fermion bilinear condensates
connecting two branes parallel along the (y3, y˜3)-plane. Similarly K1,2 represents fermion
bilinear condensates connecting branes parallel along the 1 and 2 planes (tori).
Other choices for the 2-charge condensate give rise to solutions that do not belong to
the Ha harmonic family (4.2). In particular, taking non-zero values of vty3y˜3 , vty3i or vty˜3i
give rise to solutions with non-trivial bij , gy3t or by˜3t components:
vty3y˜3 → None vijk → bij (4.65)
vty3i → by3t vy˜3jk → by˜3k (4.66)
vty˜3i → gty˜3 vy3jk → gy3k (4.67)
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4.3 R-R amplitude
Next we consider the disk amplitude with the insertion of a R-R vertex operator
AR−R
µ2,ξ(φ)
=
∫
dz4〈c(z1) c(z2) c(z3)〉
〈
Vµ¯(z1)Vµ(z2)WR−R(z3, z4)Vξ(φ)
〉
(4.68)
with
WR−R(z3, z4) = cR (FR)CD(e−
ϕ
2CCCα˙eikX)(z3)(e
−ϕ
2CDCα˙e
−ikX)(z4)
CA = e±
1
2
(iϕ3±iϕ4±iϕ5) odd number −′ s (4.69)
Cα˙ = e
± i
2
(ϕ4−ϕ5) (4.70)
The ghost and untwisted bosonic correlators are given again by the first two lines in (4.57)
while the fermionic and twist-field correlators are
〈S(A(z1)SB)(z2)CC(z3)CD(z4)〉 = δC(AδDB)
(
z12z34
z13z14z23z24
)3/4
〈σ2σ3(z1)σ2σ3(z2)〉 = z−1/212
〈
4∏
i=1
e−ϕ/2(zi)〉 =
4∏
i<j
z
−1/4
ij
〈Cα˙(z3)Cα˙(z4)〉 = 2 z−1/234 (4.71)
Again one finds that the amplitude is proportional to I given in (4.58) and can be written
in the form
AR−R
µ2,ξ(φ)
=
1
3! 4
vMˆNˆPˆ tr4
(
FRΓMˆNˆPˆ
)
ξ(k) (4.72)
where we used (4.59), (4.60) and (4.43). Taking ξ(k) = 1, specializing to the condensate
in (4.62) and focussing on the CtMˆ1Mˆ2Mˆ3 components one finds
AR−R
µ2,ξ(φ)
= 4piv (Ft3y1y˜2y3 + Ft3y˜1y2y3) (4.73)
Varying with respect to the four-form potential one finds
δC˜ty1y˜2y3 = δC˜ty˜1y2y3 = k3 4piv (4.74)
reproducing the Fourier transform of (4.48) for the choice (4.51) with vi = δi3 v.
4.4 4-charge microstates
Finally we consider solutions with
K2 = M = M(x) µ = M LI = V = 1 K1 = K3 = 0 (4.75)
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Now one finds
e−2U =
√
1−M2 e˜1 = dy˜1 +M dy1 e˜2 = dy˜2 e˜3 = dy˜3 +M dy3 w = 0
α0 =
−Mdt
1−M2 α1 = α3 = −dt α2 = −dt+ w2 dw2 = −∗3dM (4.76)
β0 = (1−M2) dt+ (1 +M2)w2 β1 = β3 = M(dt− w2) β2 = M dt
The Type IIB supergravity solution reads (discarding d-exact terms)
ds2 = −e2Udt2 + e−2U
3∑
i=1
(dx2i + dy
2
i ) + e
2U
∑
i=1,3
(dy˜i +M dyi)
2 + dy˜22
 (4.77)
C4 = − 1
1−M2 dt ∧ e˜3 ∧ (dy1 ∧ dy˜2 +M dy˜1 ∧ dy˜2)
+ w2 ∧ (dy1 ∧ dy2 ∧ dy3 + dy˜1 ∧ dy2 ∧ dy˜3) (4.78)
At leading order in αD3, M solutions (4.77) reduce to
δgMNdx
MdxN = 2M
(
dy1 d˜y1 + dy3 d˜y3
)
+ . . .
δC4 = −M dt ∧ (dy1 ∧ dy˜2 ∧ dy3 + dy˜1 ∧ dy˜2 ∧ dy˜3)
+ w2 ∧ (dy1 ∧ dy2 ∧ dy3 + dy˜1 ∧ dy2 ∧ dy˜3) + . . . (4.79)
with M a harmonic function starting at order |x|−3. For example one can take M to be of
the form
M = vij
3xi xj − δij |x|2
|x|5 + . . . (4.80)
4.4.1 NS-NS amplitude
We consider now string amplitudes on a disk with boundary on all four types of D3-branes.
In particular we consider the insertions of four fermions µa starting on a D3-brane of type
(a) and ending on a D3-branes of type (a+ 1) with a = 0, 1, 2, 3 (mod 4), in a cyclic order.
We notice that unlike the case of two boundaries now the condensate is complex. Indeed,
even if each intersection preserves N = 2 SUSY (1/4 BPS), so that each fermion µa comes
together with its charge conjugate µ¯a, the overall configuration preserves only N = 1 SUSY
(1/8 BPS) and fermions connecting all four type of D3 brane form two pairs of opposite
chirality. The charge conjugate condensate can be defined by replacing each µa with its
charge conjugate field µ¯a and running along the boundary of the disk with the same cyclic
order but in reversed sense. The real and imaginary parts of the string amplitude can be
selected by turning on the real and imaginary parts of the condensate respectively.
We consider the following NS-NS amplitude
ANS−NS
µ4,ξ(φ)
= 〈c(z1) c(z2) c(z4)〉
∫
dz3dz5dz6 (4.81)〈
Vµ1(z1)Vµ2(z2)Vµ3(z3)Vµ4(z4)WNSNS(z5, z6)Vξ(φ)
〉
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Figure 7. Worldsheet diagram for four stack of branes connected by twisted fermionic strings.
The closed string vertex operator is inserted in the bulk and multiple untwisted scalars can be
inserted on the same stack.
with
Vµ1(z1) = µ
α
1 e
−ϕ/2 SαS1 σ2σ3(z1) (4.82)
Vµ2(z2) = µ
β
2 e
−ϕ/2 SβS3σ1σ2(z2)
Vµ3(z3) = µ
α˙
3 e
−ϕ/2Cα˙S¯1σ2σ3(z3)
Vµ4(z4) = µ
β˙
4 e
−ϕ/2Cβ˙S¯3σ1σ2(z4)
Vξ(φ) =
∞∑
n=0
ξi1...in
n∏
a=1
∫ ∞
−∞
dxa
2pi
∂Xia(xa)
WNSNS(z5, z6) = cNS(ER)MN (∂X
M − ik · ψψM )eikX(z5)(∂XN + ik · ψψN )e−ikX(z6)
We use the notation
SI = e
iϕI
2 S¯I = e
− iϕI
2 Sα = e
± i
2
(ϕ4+ϕ5) Cα˙ = e
± i
2
(ϕ4−ϕ5) (4.83)
for internal and spacetime spin fields. The condensate is now the tensor
Oαβα˙β˙ = trµ(α1 µβ)2 µ¯(α˙3 µ¯β˙)4 ξ(φ) (4.84)
where the sum over all the Chan-Paton indices µ1i1
i2µ2i2
i3 µ¯3i3
i4 µ¯4i4
i1 is understood. As before
we discard components proportional to αβ and α˙β˙ to ensure the irreducibility of the string
diagram. As a result Oαβα˙β˙ transforms in the (3,3) of the SU(2)L×SU(2)R Lorentz group
and can be better viewed as a symmetric and traceless tensor vµν .
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To evaluate the correlator we specialize to α = β = 12(++) and α˙ = β˙ =
1
2(−+). Only
the four fermion piece of the closed string vertex can compensate for the net +2 charge of
the open string condensate and two of these fermions have to be taken along the fifth plane.
In addition since the net internal U(1)3 charge of the condensate is zero, the only choices
for the ψMψN fermions in the closed string vertex are (M,N) = (I, I¯) with I = 1, 2, 3, 4
For example, taking (M,N) = (1, 1¯) the relevant correlators are
〈c(z1) c(z2) c(z4)〉 = z12 z24 z41〈
eikX(z3)e
−ikX(z4)Vξ(φ)
〉
= ξ(k)
〈σ3(z1)σ1(z2)σ3(z3)σ1(z4)〉 = (z13z24)−1/4〈
4∏
j=1
e−ϕ/2(zj)
〉
=
∏
i<j
z
−1/4
ij
〈
S1(z1)S¯1(z3)ψ
1(z5)ψ
1¯(z6)
〉 〈
S3(z2)S¯3(z4)
〉
=
1
2
z
− 1
4
13 z
−1
56
(
z15z36
z16z35
)1/2
(z24)
−1/4
〈σ2(z1)σ2(z2)σ2(z3)σ2(z4)〉 = f
(
z14z23
z13z24
)(
z13z24
z12z23z34z41
)1/4
〈
S(α(z1)Sβ)(z2)C(α˙(z3)Cβ˙)(z4)ψ
µ(z5)ψ
ν(z6)
〉
=
(z12z34)
1/2z56
2
∏4
i=1(zi5zi6)
1/2
σ
(µ
αα˙σ
ν)
ββ˙
(4.85)
with f(x) the four twist correlator [104]:
f(x) =
Λ(x)
(F (x)F (1− x))1/2 (4.86)
where F (x) = 2F1(1/2, 1/2; 1;x) is a hypergeometric function and
Λ(x) =
∑
n1,n2
e
− 2pi
α′
[
F (1−x)
F (x)
n21R
2
1+
F (x)
F (1−x) n
2
2R
2
2
]
(4.87)
accounts for the classical contribution associated to world-sheet instantons11, where Rx is
the radius of the x torus, x = 1, 2.
Assembling all the pieces together and taking
z1 = −∞ z2 = 0 z3 = x z4 = 1 z5 = z z6 = z¯ (4.88)
one finds that the string amplitude is proportional to the integral
I1 =
∫ 1
0
dx f(x) I1(x) (4.89)
with
I1(x) =
∫
C+
d2z
|z(1− z¯)|(x− z) (4.90)
11 In the supergravity limit
√
α′ << R1,2, worldsheet instantons are exponentially suppressed and one
can simply take Λ(x)→ 1
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Similarly for other choices of (M,N) = (I, I¯), I = 2, 3, 4, one finds integrals of the form
(4.89) with I1 replaced by
I2(x) =
∫
C+
d2z
|z(1− z¯)(x− z)|
I3(x) =
∫
C+
d2z
z¯(1− z)|x− z|
I4(x) =
∫
C+
d2z
z¯(1− z)(x− z) (4.91)
The integrals (4.89), (4.90), (4.91) can be computed numerically for arbitrary values of the
radii and one always finds a finite result, with I2, I4 real and I1, I3 purely imaginary12 and
I1 = I3
Noticing that real and imaginary parts of the amplitude contribute to symmetric
(ER)(MN) and antisymmetric parts (ER)[MN ] we conclude that a purely imaginary v
ij
generates the string amplitude
ANS−NS
µ4,ξ(φ)
=
[
(ER)[11¯] + (ER)[33¯]
]
kikj v
ij ξ(k) (4.92)
with 〈
trµ
(α
1 µ
β)
2 µ¯
(α˙
3 µ¯
β˙)
4
〉
=
2pivij
cNS I1 σ
αα˙
i σ¯
ββ˙
j (4.93)
We notice that (ER)[11¯] and (ER)[33¯] always involve a Neumann and a Dirichlet direction,
so only the metric contributes to the antisymmetric part of the matrix. Varying with
respect to the symmetric part hij of the polarization tensor E = h+ b one finds
δg˜11¯ = δg˜33¯ = −2pii vij
kikj
k2
ξ(k) (4.94)
that reproduces (4.79) after Fourier transform.
We conclude this section by noticing that there other choices for the 4-charge conden-
sate besides (4.84) lead to solutions that go beyond the eight harmonic function family
(4.2). On the one hand one can consider different orderings of the branes along the disk.
These condensates lead again to solutions of type M but with internal coordinates that are
permuted among one another. Notice that some of these solutions can look very different
from each other since LI and V do not enter in a symmetric fashion. On the other hand,
turning on the real part of the condensate (4.84) will produce solutions with a non-trivial
B-field given in terms of the real worldsheet integrals I2 and I4. Finally turning one can
consider condensates of type
O˜αα˙ββ˙ = trµ(α1 µ¯(α˙2 µβ)3 µ¯β˙)4
Oˆ(αβγ)β˙ = trµ(α1 µβ2 µγ)3 µ¯β˙4 (4.95)
These condensates generate a new class of solutions with off-diagonal terms mixing either
two different T 2’s inside T 6 or space-time and internal components.
12Similar integrals appear in [105].
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4.4.2 R-R amplitude
Finally we consider the amplitude with the insertion of a R-R vertex operator
AR−R
µ4,ξ(φ)
= 〈c(z1) c(z2) c(z4)〉
∫
dz3dz5dz6 (4.96)〈
Vµ1(z1)Vµ2(z2)Vµ3(z3)Vµ4(z4)WR−R(z5, z6)Vξ(φ)
〉
with
W
(−1/2,+1/2)
R−R (z5, z6) = cR (FRΓM )ΛΣ e−
ϕ
2 SΛ eikX(z5)e
ϕ
2 (∂XM + ikψψM )CΣ e
−ikX(z6)
the R-R vertex operator in the asymmetric (-1/2,+1/2) super-ghost picture. Notice that
ΨMΣ (k) = :kψψ
MCΣ: is a world-sheet primary field of dimension 13/8, belonging to the
128 of SO(1, 9), with CΣ the spin field of negative chirality. Again taking α = β =
1
2(++),
α˙ = β˙ = 12(−+), it is easy to see that the net charge −2 of the condensate can be only
compensated by the kψψM term in the closed string vertex with SΛ and CΣ both carrying
charge −12 along the fifth direction. This leads to eight choices for SΛ. On the other hand,
once SΛ is chosen, the charges of ΨMΣ (k) = :kψψ
MCΣ: are completely determined by charge
conservation. For example, for the choice
SΛ = e
i
2
(ϕ1+ϕ2−ϕ3+ϕ4−ϕ5)
kψ ψM CΣ = k5¯ψ
5¯ψ1¯e
i
2
(ϕ1−ϕ2+ϕ3−ϕ4−ϕ5) (4.97)
one finds again the first four lines in (4.85), while the last four lines are replaced by
〈
5∏
i=1
e−
ϕ
2 (zi)e
ϕ
2 (z6)〉 =
5∏
j=1
z
1
4
j6
5∏
i<j
z
− 1
4
ij (4.98)
〈
S1(z1)S3(z2)S¯1(z3)S¯3(z4)S1S2S¯3(z5) S¯1S¯2S3(z6)
〉
=
(
z15z45z26z36
z13z24z25z35z16z46z356
) 1
4
〈
S(α(z1)Sβ)(z2)C(α˙(z3)Cβ˙)(z4)Cγ˙(z5)ψ
µSγ(z6)
〉
=
1√
2
(
z12z34z56
z35z45z36z46z216z
2
26
) 1
2
γ(ασ
µ
β)(β˙
α˙)γ˙
Combining the various correlators and taking
z1 = −∞ z2 = 0 z3 = x z4 = 1 z5 = z z6 = z¯ (4.99)
one finds that the string amplitude is again given by the integral (4.89) involving I1. A
similar analysis can be performed for other choices of spin-field components (labelled by
Λ,Σ) leading to similar answers in terms of the four characteristic integrals I1, . . . I4 on C.
The results are summarised in table 2. Since I2, I4 are real and I1, I3 purely imaginary,
a purely imaginary condensate selects the I1, I3 and I¯1, I¯3 components. The resulting
string amplitude can then be written as
ARRµ4,ξ(φ) =
1
4
tr16(F RP Γi)2pivijkj ξ(k) (4.100)
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I1 I2 I3 I4
Λ 12(+ +−+−) 12(+ + +−−) 12(−+ + +−) 12(+−+ +−)
I1 I¯2 I¯3 I¯4
Λ 12(−−+−−) 12(−−−+−) 12(+−−−−) 12(−+−−−)
Table 5. Contributions to the string correlator of the various spinor components.
with
P = 1
2
(1− Γy1y˜1y3y˜3)Γy2y˜2 (4.101)
a projector on I1, I3 and I¯1, I¯3 components with +i and −i eigenvalues respectively. These
are precisely the eigenvalues of the matrix P justifying our claim. Using R = Γty1y2y3 one
finds
ARRµ4,ξ(φ) = 2pii kivijkj ξ(k) (Cty1y˜2y3 + Cty˜1y˜2y˜3) (4.102)
Taking derivatives with respect to C4 one finds agreement with (4.79) after Fourier trans-
form.
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5 Smooth Horizonless geometries in Supergravity
Even though in the previous chapter we found a dictionary between open string conden-
sates and sugra solutions, to find an explicit fuzzball with a string interpretation we need to
make a consistent ansatz in SUGRA and verify that the solution is indeed smooth and hori-
zonless. We reviewed how for five dimensional black holes the mechanism of regularization
involves the presence of a Kaluza-Klein monopole (also known as Euclidean Taub-NUT):
this space is free of curvature singularities and the throats that open up near the centers of
the monopoles are not infinitely extended, but instead cap smoothly at a finite distance due
to the shrinking of a compact dimension. One may wonder if a regular four charge fuzzball
solution can be found regular directly in four dimensions. Unfortunately the topology is
rather limited in four dimension [106, 107], in fact we lose the extra 5d angular variable
that was shrinking going near the horizon, so some new regularization mechanism is re-
quired. One possible loophole to get a regular solitonic solution is to employ more than
one asymptotic region. Even though some asymptotically AdS2 solutions have been found
[98], an extension to asymptotically flat seems problematic and it’s nevertheless unclear
whether a wormhole like solution could fit as a description for a regular fuzzball while
mimicking a black hole [108], therefore in this section we will focus on finding a four charge
solutions that are regular in higher dimension, but still requiring only 3+1 dimension to
be non compact and only one asymptotic region.
We consider again the BPS D34 system, this time compactified to four dimensions (see
the appendix for details), mainly following the work [16]. The four-dimensional geometries
can be viewed as solutions of an N = 2 truncation of N = 8 supergravity involving the
gravity multiplet and three vector multiplets. The scalars UI in the vector multiplets,
usually referred as STU, parametrise the complex structures of the three internal T 2’s and
span the moduli space MSTU = [SL(2, R)/U(1)]3 ⊂ E7(+7)/SU(8) = MN=8. Setting
16piG = 1, the lagrangian can be written as
L = √g4
(
R4 −
3∑
I=1
∂µUI∂
µU¯I
2 ( ImUI)
2 −
1
4
FaIabFb − 1
4
FaRabF˜b
)
(5.1)
where Fa = dAa, F˜a = ∗4Fa with a = 0, 1, 2, 3, including the graviphoton, and
UI = (σ + is, τ + it, ν + iu) (5.2)
are the three complex scalars in the vector multiplets. In these variables the gauge kinetic
functions read
Iab = stu

1 + σ
2
s2
+ τ
2
t2
+ ν
2
u2
− σ
s2
− τ
t2
− ν
u2
− σ
s2
1
s2
0 0
− τ
t2
0 1
t2
0
− ν
u2
0 0 1
u2
 Rab =

2στν −τν −νσ −στ
−τν 0 ν τ
−νσ ν 0 σ
−στ τ σ 0

(5.3)
The solutions will be written in terms of eight harmonic functions
{V,LI ,KI ,M} (5.4)
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on R3. It is convenient to introduce the combinations
ZI = LI +
|IJK |
2
KJKK
V
,
µ =
M
2
+
LIK
I
2V
+
|IJK |
6
KIKJKK
V 2
. (5.5)
Here IJK characterise the triple intersections among the three T
2
I 2-cycles in T
6.
The solutions can then be written as
ds2 = −e2U (dt+ w)2 + e−2Ud|x|2
Aa = (A0, AI) = wa + aa (dt+ w)
UI = −bI + i
(
V e2UZI
)−1
(5.6)
with
bI =
KI
V
− µ
ZI
a0 = −µV 2e4U aI = V e4U
(
−Z1Z2Z3
ZI
+KI µ
)
∗3dwa = −dKa Ka =
(−V,KI) ∗3 dw = 1
2
(
V dM −MdV +KIdLI − LIdKI
)
(5.7)
and
e−4U = I4(V,LI ,KI ,M) ≡ Z1Z2Z3V − µ2V 2 = (5.8)
L1 L2 L3 V −K1K2K3M +
3∑
I>J
KIKJLILJ
2
− MV
2
3∑
I=1
KILI − M
2V 2
4
−
3∑
I=1
(KI)2L2I
4
which has the same structure as the quartic U-duality invariant.
For general choices of the eight harmonic functions, the solution (5.6) is singular. Both
naked and ‘horizon-dressed’ curvature singularities can be present. The generic solution
is characterised by a mass M, associated to the Killing vector ξ(t)M∂M = ∂t, four electric
charges Qa and four magnetic charges Pa. Introducing the symplectic vector
F =
(
Fa
δL
δFa
)
=
(
Fa
?4 Iab Fb −Rab Fb
)
(5.9)
one finds for the charges
M = − 1
8piG
∫
S2∞
?4 dξ
(t)
(
Pa
Qa
)
= − 1
4pi
∫
S2∞
F (5.10)
with ξ(t) = ξ
(t)
M dx
M and S2∞ the two-sphere at infinity. Solutions with extra symmetries
arise for special choices of the harmonic functions. Axially symmetric solutions are charac-
terised by the existence of an additional Killing vector ξ(t)M∂M = ∂φ associated to rotations
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around an axis in R3, and carry an extra quantum number, the angular momentum J given
by13
J = − 1
16piG
∫
S2∞
?4 dξ
(φ) (5.11)
with ξ(φ) = ξ
(φ)
M dx
M . Spherical symmetric solutions are invariant under rotations around
the origin and are characterized by zero angular momentum.
In this paper we consider fuzzballs of spherically symmetric (single center) black holes,
that is solutions that have the same asymptotic charges as single center black holes, but dif-
fer from them when approaching the would-be horizon. The harmonic functions specifying
the general spherically symmetric solution can be written in the single-center form
V = v0 +
v
r
LI = `0I +
`I
r
KI = kI0 +
kI
r
M = m0 +
m
r
(5.12)
and describe a general system of intersecting D3-branes wrapping three cycles on T 2×T 2×
T 2 with one leg on each of the three T 2. The absence of Dirac-Misner strings requires that
w vanishes at infinity or, equivalently, that ∗3dw ∼ r−3 at infinity leading to the constraint
v0m−m0 v + kI0 `I − `0I kI = 0 (5.13)
For simplicity we take m0 = m = 0. For this choice one finds
e−4U = V L1 L2 L3 − 1
4
(
3∑
I=1
KILI
)2
(5.14)
Poles and zeros of this function are associated to horizons and curvature singularities
respectively. If e−4U > 0 for all r > 0 the solution describes a black hole with near horizon
geometry AdS2 × S2 and entropy proportional to
lim
r→0
r4 e−4U = I4(v, `I , kI ,m = 0) = v `1 `2 `3 − 1
4
(
3∑
I=1
kI`I
)2
> 0 (5.15)
If e−4U has zeros for some positive r, the solution exposes a naked singularity.
The charges of the solution (or its fuzzball) are computed by the integrals (5.17)
evaluated in the asymptotic geometries (5.12). Writing the three-dimensional metric in
spherical coordinates
ds2 = −e2U (dt+ w)2 + e−2U (dr2 + r2 dθ2 + r2 sin2 θ dφ2) (5.16)
and setting G = (16pi)−1 one finds for the charges14
M = 8pi r2 ∂r e
2U(
Pa
Qa
)
=
(
(v,−kI)T
−r2 ∂r
(Iab ab +RabKb)
)
(5.17)
13Being a surface integral, the expression for J holds true even when ξ(φ) is only an asymptotic Killing
vector. J is the z component of the vector J, defined in (5.19).
14In our conventions ?4 dr ∧ dt = e−2U r2 sin θ dθ ∧ dφ and
∫
sin θdθ ∧ dφ = 4pi.
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where we used the fact that at infinity w = 0 and Fa = dwa+daa dt. On the other hand the
angular momentum of the fuzzball is computed by the integral (5.11). The evaluation of
this integral requires a more detailed knowledge of the asymptotic geometry since angular
momentum arises from the first dipole mode in the expansion of the harmonic function.
Indeed, denoting by
H = h0 +
h1
r
+
h2 · x
r3
(5.18)
one finds for the angular momentum
J = 4pi
[
m0 v2 − v0 m2 + `0I kI2 − kI0 `2I
]
(5.19)
We anticipate here that apart from the scaling solutions, all fuzzball solutions we will find
here carry a non-trivial angular momentum. We observe that for orthogonal branes angu-
lar momentum is carried by K-components (see Appendix B.3 for details) corresponding
to open string condensates on disks with boundary on two different D3-brane stacks. In-
deed, an explicit microscopic description of the general supergravity solution exists if the
harmonic functions satisfy the boundary conditions [15]
m2 +
∑
kI2 = 0 (5.20)
Let us focus on the following harmonics:
V = 1 +
v
r
LI = 1 +
`I
r
KI = M = 0 (5.21)
describing a system of four stacks of D3-branes intersecting orthogonally on T 6. At large
distances one finds
e−2U =
√
V L1L2L3 = 1 +
(v + `1 + `2 + `3)
2 r
+ . . .
aI = −L−1I = −1 +
`I
r
+ . . . a0 = 0
UI = i
(
V e2ULI
)−1
= i+ . . . (5.22)
leading to
M = 4pi (v + `1 + `2 + `3) (5.23)(
Pa
Qa
)
=
(
(v, 0, 0, 0)T
(0, `1, `2, `3)
T
)
(5.24)
The extremal Reissner Nordstrom solution corresponds to the choice `I = v = Q/2, or
equivalently
LI = V = 1 +
`
r
M = KI = 0 (5.25)
after the identification FRN =
1
2
(
∗F0 +
∑3
I=1 FI
)
.
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5.1 Regularity Analysis in Higher Dimensions
In this section we review the Bena-Warner multi-Taub NUT ansatz [85] for fuzzball ge-
ometries of four- and five-dimensional black holes and in the next section we will present
explicit horizon-free solutions with three centers.
The four-dimensional solution (5.6) lifts to an eleven dimensional solution representing
a systems of intersecting M5-branes with four electric and four magnetic charges. The
eleven dimensional metric is given by:
ds2 = ds25 + ds
2
T 6 (5.26)
where
ds25 = −(Z1 Z2 Z3)−
2
3 [dt+ µ(dΨ + w0) + w]
2 + (Z1 Z2 Z3)
1
3
[
V −1(dΨ + w0)2 + V d|x|2
]
~∇× ~ω0 = ~∇V
dsT 6 =
3∑
I=1
(
Z1 Z2 Z3
Z3I
) 1
3
(dy2I + dy˜
2
I ) (5.27)
in which {t, x, Ψ, yI , y˜I} with I = 1, 2, 3 are the coordinates of R×R3 × S1 × T 6, respec-
tively. The 11d BPS solutions just written comes from a more general solution in which
the 5d metric is given by
ds25 = −(Z1 Z2 Z3)−
2
3 [dt+ µ(dΨ + w0) + w]
2 + (Z1 Z2 Z3)
1
3hµνdx
µdxν
with hµν a 4d hyper-kalher metric. The choice for hµν performed in (5.27) is a Gibbons-
Hawking metric, that is an U(1) fibration over a flat base R3. The behaviour of V is crucial,
taking
V = v0 +
N∑
i=1
qi
ri
, (5.28)
there are orbifold singularities at the location of the centers. Indeed if we zoom in
near the location of the centers ~x(j) and define a local frame centered there, with radial
coordinates ρ = 2
√
~x− ~x(j), the metric is locally:
ds24 = dρ
2 + ρ2dΩ23(qj) (5.29)
with dΩ23(qj) being the metric on S
3/Z|qj |. In the following we will consider |qj | = 1
so that the space is locally R4, even though orbifold singularities arising from |qj | ∈ Z
are under control in string theory. If v0 = 0 the whole 5d solution is asymptotically R1,4,
suitable for a 5d black hole, but since we are interested in 4d black holes we will consider
v0 6= 0, leading to a KK-monopole (or equivalently, an euclidean Taub-NUT) near the
centers
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ds2 =
[
V −1(dΨ + w0)2 + V d|x|2
]
~∇× ~ω0 = ~∇V (5.30)
and with the final 5d space that is asymptotically R1,3 × S1.
Micro-states of the four dimensional black holes can be generically defined as smooth
geometries with no horizons or curvature singularities in eleven dimensions carrying the
same mass and charges as the corresponding black hole; regular solutions can be constructed
in terms of multi-center harmonic functions (V,LI ,K
I ,M) with the positions of the centers
and the charges chosen such that ZI are finite and µ = 0 near the centers. Under these
assumptions one finds that the eleven dimensional metric (5.26) near the centers is R ×
T 6 ×R4/Z|qi|. Moreover, the absence of horizons and closed time-like curves requires that
ZIV > 0 and e
2U > 0 (5.31)
Let us remark that the condition ZIV > 0 near the centers requires
ZI V |ri=0 = qi
`0I +∑
j 6=i
`I,j
rij
+ `I,i
v0 +∑
j 6=i
qj
rij
+ |εIJK |kJi
kK0 +∑
j 6=i
kKj
rij
 > 0
(5.32)
It turns out that these necessary conditions are often sufficient to ensure the positivity of
both ZIV and e
2U on the whole R3. In the next section we look for explicit solutions of
these requirements satisfying the boundary conditions (5.12). We stress that the resulting
solutions are regular everywhere in five dimensions and fall off at infinity to R1,3×S1. The
four-dimensional fuzzball solution follows from reduction of this five-dimensional geometry
down to four dimensions where the singularity in the geometry is balanced by a blow up
of the scalar fields.
Let us analyze in more detail the regularity conditions near the centers. Consider
N-center harmonic functions following the Bena-Warner ansatz [85, 107, 109]
V = v0 +
N∑
i=1
qi
ri
, LI = `0I +
N∑
i=1
`I,i
ri
KI = kI0 +
N∑
i=1
kIi
ri
, M = m0 +
N∑
i=1
mi
ri
(5.33)
with ri = |xi−x| and xi the position of the ith center. We notice that (`Ii,mi) and (qi, kIi )
describe the electric and magnetic fluxes of the four dimensional gauge fields through the
sphere encircling the ith- centers, so Dirac quantisation requires that they be quantised.
Here we adopt units such that they are all integers. Alternatively, one can think of the eight
charges as parametrising the number of D3-branes wrapping one of the eight three-cycles
with a leg on each of the three tori T 2I in the factorisation T
6 = T 21 × T 22 × T 23 . In other
words, in our units each charge describes the number of D3-branes of a certain kind.
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We look for regular five dimensional geometries behaving as R×Taub−NUT near the
centers. It is easy to see that w vanishes near the centers, so the Taub-NUT geometry
factorises if ZI are finite and µ vanishes near the centers, i.e.
ZI
∣∣
ri≈0 ≈ ζ
I
i , µ
∣∣
ri≈0 ≈ 0 (5.34)
with ζIi some finite constants. The conditions that ZI is finite near the centers can be
solved by taking
`I,i = −|IJK |
2
kJi k
K
i
qi
, mi =
k1i k
2
i k
3
i
q2i
(5.35)
The vanishing of µ near the centers boils down to the so called bubble equations
N∑
j=1
Πij
rij
+ v0
k1i k
2
i k
3
i
q2i
− `0I kIi − |IJK |
kI0 k
J
i k
K
i
2 qi
−m0qi = 0 (5.36)
where rij = |xi − xj | and
Πij = qi qj
3∏
I=1
(
kIi
qi
− k
I
j
qj
)
(5.37)
represents the symplectic form P ai Qaj − P aj Qai that counts the number of D3-brane in-
tersections. The bubble equations are also known as ”integrability conditions” in the the
context of 4d black hole physics [109–111] and ensure the absence of Dirac-Misner strings.
To see this, we notice that using the bubble equations, the w function defined by (5.7) can
be written in the form
∗3dw =
N∑
i,j=1
(q[imj] + k
I
[i `j],I)
1
ri
d
1
rj
+
1
2
N∑
i=1
(
v0mi −m0 qi − `0I kIi + kI0 `i,I
)
d
1
ri
=
1
2
N∑
i,j=1
Πij
(
1
rj
− 1
rij
)
d
1
ri
(5.38)
where in the second line we used equations (5.35), (5.36) and A[BC] means
1
2(ABC −ACB).
The solution can be written in the form
w =
1
4
N∑
i,j=1
Πij ωij (5.39)
in terms of the one forms ωij defined via the relation
∗3 dωij =
(
1
rj
− 1
rij
)
d
1
ri
−
(
1
ri
− 1
rij
)
d
1
rj
, (5.40)
that is
ωij =
(ni + nij) · (nj − nij)
rij
dφij (5.41)
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with
ni =
x− xi
ri
nij =
xi − xj
rij
dφij =
nij × ni · dx
ri [1− (nij · ni)2] .
It is easy to see that ωij is free of Dirac-Misner singularities. Indeed along the dangerous
lines connecting any two centers the numerator of (5.41) always vanish so no string-like
singularity arises. One can also see that near the centers w goes to a constant exact form.
Finally we notice that if the coefficients kIi satisfy the relation
v0mi −m0qi − `0I kIi + kI0 `Ii = 0 (5.42)
the system of equations is invariant under overall rescalings of the center positions xi → λxi.
These solutions are known as “scaling solutions”. Multiplying equation (5.42) by the
positions of the centers xi and summing one finds that the scaling solutions satisfy
m0 v2 − v0 m2 + `0I kI2 − kI0 `2I = 0 (5.43)
and therefore according to (5.19) they carry zero angular momentum.
5.2 Regular Solutions
We look for regular geometries with the asymptotics (5.21), i.e.
`0I = v0 = 1 m0 = m = k
I
0 = k
I = 0 (5.44)
For concreteness we take qi = 1. The charges of the fuzzball solutions are then
P0 = N , QI = −
N∑
i=1
|IJK |kJi kKi
2
(5.45)
The solution is specified by the the positions xi of the centers and the fluxes k
I
i . The
positions of the centers are constrained by the bubble equations
N∑
j 6=i
Πij
rij
+ Λi − Γi = 0 (5.46)
with
Πij =
3∏
I=1
(kIi − kIj ) Γi =
3∑
I=1
kIi Λi = k
1
ik
2
ik
3
i (5.47)
while the consistency with the boundary conditions, namely that K and M fall off faster
than r−1, require
N∑
i=1
kIi =
N∑
i=1
k1i k
2
i k
3
i = 0 (5.48)
Configurations with one or two centers fail to meet the requirement QI > 0, so we will
consider solutions with three centers.
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The bubble equations (5.46) for three centers can be solved in general by taking
r12 =
Π12 r23
Π23 − r23 (Γ2 − Λ2) r13 =
Π13 r23
−Π23 + r23 (Γ1 + Γ2 − Λ1 − Λ2) (5.49)
A solution given by (5.49) makes sense if the distances rij between the three centers are
positive and they satisfy the triangle inequalities. This restricts significantly the choices
for the kIi . A quick scan over the integers shows that boundary conditions are solved only
if at least one of the fluxes kIi vanishes. Without loss of generality the general solution can
then be parametrised in the form (up to permutations of rows and columns)
kI i =
−κ1 κ2 −κ1 κ3 κ1 (κ2 + κ3)κ3 κ2 −κ2 − κ3
−κ4 κ4 0
 (5.50)
Consequently the harmonic functions takes the general form
V = 1 +
3∑
i=1
1
ri
M = κ1κ2κ3κ4
(
1
r1
− 1
r2
)
L1 = 1 + κ4
(
κ3
r1
− κ2
r2
)
L2 = 1 + κ1κ4
(
−κ2
r1
+
κ3
r2
)
L3 = 1 + κ1
(
κ2κ3
r1
+
κ2κ3
r2
+
(κ2 + κ3)
2
r3
)
K1 = κ1
(
−κ2
r1
− κ3
r2
+
κ2 + κ3
r3
)
K2 =
κ3
r1
+
κ2
r2
− κ2 + κ3
r3
K3 = κ4
(
− 1
r1
+
1
r2
)
The charges and distances between the centers reduce to
Q1 = κ4(κ3 − κ2) Q2 = κ1κ4(κ3 − κ2) Q3 = κ1(κ22 + 4κ2κ3 + κ23)
r12 =
2κ1κ4(κ2 − κ3)2r23
κ1κ4(2κ22 + 5κ2κ3 + 2κ
2
3) + (κ2 + κ4 − κ1κ3 + κ1κ2κ3κ4)r23
r13 =
κ1κ4(2κ2 + κ3)(κ2 + 2κ3)r23
κ1κ4(2κ22 + 5κ2κ3 + 2κ
2
3)− (κ1 − 1)(κ2 + κ3)r23
. (5.51)
The scaling solution corresponds to the choice
κ2 = 0 κ1 = 1 κ3 = κ4 = κ (5.52)
One finds
kI i =
 0 −κ κκ 0 −κ
−κ κ 0
 r12 = r23 = r13 = `
P0 = 3 Q1 = Q2 = Q3 = κ
2 (5.53)
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for any given `. The regularity conditions become
e−4U = 1 +
r1r2 + r1r3 + r2r3
r1r2r3
+
κ2 (r1r2 + r1r3 + r2r3 + 3r1 + 3r2 + 3r3)
r1r2r3
+
κ4 (r1 + r2 + r3 + 9)
r1r2r3
+
κ6
(
2r1r2 + 2r1r3 + 2r2r3 + r1r2r3 − r21 − r22 − r23
)
r21r
2
2r
2
3
> 0
Z1V = 1 +
r1 r2 + r1 r3 + r2 r3 + κ
2(2 r2 + 2r3 − r1 + r2 r3)
r1r2r3
> 0 (5.54)
The conditions Z2V > 0 and Z3V > 0 follow from Z1V > 0 and the permutation symmetry
of the system. The two conditions can be shown to be satisfied using the property
r1 + r2 − r3 ≥ 0 (5.55)
satisfied by the distances ri from any point x ∈ R3 to the three vertices of an equilateral
triangle. This inequality can be proved using triangle inequalities.
We conclude that the five-dimensional geometry defined by the multi-center solution
is regular everywhere. We notice that the fluxes satisfy the scaling condition (5.42) and
consequently a rigid rescaling of the positions of the centers generate a new solution;
similar scaling solution has been already identified as interesting microstate candidates in
[112, 113]. More precisely, the moduli space of solutions with this charge is spanned by a
single continuous parameter ` and permutations of the rows or columns of the matrix (5.53).
There are 12 inequivalent choices corresponding to the 3! permutations of the entries in the
first line in (5.53) times the two choices for the position of the 0 in the second line. The
remaining entries are determined by the conditions that the sum along rows and columns
of the matrix kIi should vanish. The solutions satisfy
∑3
I=1 k
I
2 = m2 = 0 and therefore
according to (5.19) and (5.20) they carry zero angular momentum and admit a microscopic
description in terms of orthogonal intersecting D3-branes along the lines of [15].
The analysis above can be repeated for more general choices of the fluxes but regularity
conditions in general can only be verified numerically. For instance other class of solutions
are:
• κ2 = 0, κ1 = κ3 = 1, κ4 = κ :
kI i =
 0 −1 11 0 −1
−κ κ 0
 r13 = r23 r12 = 2κ r23
2κ+ (κ− 1) r23
P0 = 3 Q1 = Q2 = κ Q3 = 1 (5.56)
Interestingly, triangle inequalities in this case do not constrain r23 that can take
arbitrarily large value.
• κ2 = κ4 = κ, κ1 = 1, κ3 = 2κ
kI i =
−κ −2κ 3κ2κ κ −3κ
−κ κ 0
 r12 = r23
10 + r23
r13 = r23.
P0 = 3 Q1 = Q2 = κ
2 Q3 = 13κ
2 (5.57)
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As before r23 can take arbitrarily large value.
• κ2 = 0, κ1 = 3κ, κ3 = 2κ, κ4 = κ
kI i =
 0 −3κ 3κκ 0 −κ
−2κ 2κ 0
 r12 = 12κ2 r23
12κ2 − r23 r13 =
6κ2 r23
6κ2 − r23
P0 = 3 Q1 = 2κ
2 Q2 = 6κ
2 Q3 = 3κ
2
r23 < 6 (2−
√
2)κ2 (5.58)
We notice that triangle inequality in this case imposes an upper bound on r23 leading
to a moduli space of finite volume.
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6 From Supersymmetric quantum mechanics to Supergravity
In the string theory scattering computation we came across the open fields vevs signaling
the bindings between different branes. In the calculations present in literature one usually
works in a simplified settings with trivial closed string moduli, in which the open string
theory has flat directions traslating into arbitrary open string vevs. In a generic point
of the moduli space the flat directions should lift and only a discrete number of points
associated to the allowed open string configurations remain. The main goal of this final
section is to sketch how the open string vevs can be computed in a generic point of the
closed string moduli space.
If we are only interested in counting the number of microstates it’s enough to limit
ourselves to the classical level of the SQM arising on the worldvolume of the branes and
count the number of supersymmetric ground states. These microstates can be directly
related to the one found in SUGRA and in string theory, even though in general the
relation can be subtle and it is an active area of research. A nice overview has been given
in [111]15 particularly in the setup of two center solutions: performing the limit gs → 0
we first go from a SUGRA configuration in the large scale regime to a quiver QM (QQM)
description. Indeed after quantum corrections, the Coulomb branch (x
(a)
i 6= 0, where xi are
the scalars in the vector multiplet) of the QQM is actually identical to the SUGRA solution
space, as both are subject to the Bubble equations as a necessary condition for being BPS.
If we keep on lowering gs, the system decay into a configuration with nonzero vevs for the
chiral fields: we go from the Coulomb to the Higgs Branch. This Coulomb-Higgs map for
two centers has been found to be one-to-one [111], while with three centers the relation is
more involved [113]. In particular there are some states called ”pure-Higgs” that do not
map to Coulomb-SUGRA, but can be mapped to SUGRA if they are scaling solutions 16.
Finally, at gs = 0, the chiral fields can be interpreted as the moduli of a suitable geometric
object, namely open stings of the intersecting susy D-Branes.
In the next subsection we will discuss about the classical counting of the microstates
for the purely D-brane system, while later we will worry about quantum corrections.
6.1 Microstate counting
In this subsection we follow [115, 116] and review the derivation of the QQM describing the
BPS states for the purely 1/8BPS D-branes brane system in the D6-D2-D2-D2 frame. We
consider four stacks of D-branes in type IIA string theory compactified on T 6 as summarized
in table 6.
Globally this D-brane configuration preserves four supercharges, which are charac-
terised by a ten-dimensional Majorana-Weyl spinor η10 in ten dimensions satisfying the
chirality conditions
Γ4Γ5Γ6Γ7η10 = Γ
6Γ7Γ8Γ9η10 = −η10 , (6.1)
15 See also [114] in which the correspondence has been extended to M-theory
16This states live in the middle cohomology of the moduli space of classical solution ( D and F constraints)
and they grow exponentially with the charges, much faster than the Coulomb states.
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Brane t x1 x2 x3 y1 y2 y3 y4 y5 y6
D21 − . . . − − . . . .
D22 − . . . . . − − . .
D23 − . . . . . . . − −
D64 − . . . − − − − − −
Table 6. The y-coordinates parametrize a T 6, while t, xi are Cartesian coordinates of R
1,3.
We consider three stacks of orthogonal D2-branes and a stack of anti D6-branes wrapped on T 6:
Neumann and Dirichlet directions of the D-branes are indicated by lines and dots respectively.
where the Γ’s are the 10D Gamma matrices. In the explicit representation of appendix
(A), the solutions to (6.1) yield the string supercharges
Qα = e−
ϕ
2 Sα e−
i
2
∑3
j=1 hj , Q¯α˙ = e−
ϕ
2 Sα˙ e
i
2
∑3
j=1 hj , (6.2)
where hj are the bosonised fields related to the Ramond-Neveu-Schwarz (RNS) fermions
in the plane (y2j−1, y2j), ϕ is the superghost and Sα (Sα˙) are R1,3 spin fields of positive
(negative) 4D chirality.
The theory describing the dynamics of the massless excitations of open strings con-
necting the various D-branes is a N = 4 SQM with Gauge group U(N1)×U(N2)×U(N3)×
U(N4); the field depend only on time since the overall world volume is zero plus one di-
mensional. Here Na are the number of branes in every stack and in the following we will
focus on configurations will small Na for which calculations can be done explicitly. The
field content and the QM action can be obtained via dimensional reduction from the field
content and action of the four-dimensional system describing a four-stack bound state of
D5-D9 branes; we will use the D = 4, N = 1 conventions in the following. As already
stated, we will work at a generic point in the closed moduli space.
We have a vector superfield V (a) and three adjoint chiral multiplets Φ
(a)
j for each stack
a = 1, . . . , 4 of D-branes. These are the fields associated to open string starting and ending
on the same stack of branes. The bosonic sector of the vector multiplet collects the NS
states of the open strings starting and ending on the same stack with the polarizations
along R1,3. The bosonic sector in the adjoint chiral multiplet consists of NS states with
the polarizations along T 6 labelled by j = 1, 2, 3 as in (6.2). Finally for each pair (a, b) of
D-brane stacks we have a chiral and antichiral multiplet that we will denoted by Z(ab) and
Z(ba) respectively, associated to open strings binding the branes. The actual field content
is therefore:
Vector superfields
The adjoint vector superfields contain a gauge field, three scalars, four fermionic variables
and an auxiliary field:
V (a) = {A(a)0 , x(a)i , λ(a)α , λ¯(a)α˙ , D(a)} , (6.3)
The scalars x
(a)
i comes from the dimensional reduction of the 10d vectors and represent
the displacement of the brane a = 1, 2, 3, 4 in the non compact directions i = 1, 2, 3. If
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we consider more than one D6, then x
(4)
i is a matrix and diagonal components represent
the displacement of the brane in the non compact directions while off-diagonal component
arises from open strings stretched between different D6.
Adjoint chiral superfields
The adjoint chiral superfields contain a complex scalar, four fermionic variables and a
complex auxiliary field:
Φ
(a)
i = {φ(a)i , χ(a)α,i , F (a)i } Φ¯(a)i = {φ¯(a)i , χ¯(a)α˙,i , F¯ (a)i } (6.4)
This fields can be seen as the displacement of the a-brane in the internal directions
transverse to the D2 (for i = 1, 2, 3) and the Wilson lines along parallel directions. Only
Wilson lines for the D6.
Bifundamental chiral superfields
Also the bifundamental chiral superfields contain a complex scalar, four fermionic variables
and a complex auxiliary field:
Z(ab) = {z(ab), µ(ab)α , F (ab)} Z¯(ab) = {z¯(ab), µ¯(ab)α˙ , F¯ (ab)} (6.5)
6.1.1 The action
The action of the quantum mechanics can be written in the superfield formalism as
L =
∫
dx0 d
2θ d2θ¯ tr
[
Z† ba e2gV Zab + 2 e−2gV Φa†i e
2gV Φai + ξ V
]
+
∫
dx0 d
2θ tr
(
1
8g2
WαWα +W(Φ, Z)
)
+ h.c. (6.6)
The superpotential for a generic vev of the closed string fields can be written as
W =
4∑
a,b=1
Tr(Z(ab)Φ
(a)
i Z
(ba)ηiab) +
4∑
a,b,c=1
Tr(Z(ab)Z(bc)Z(ca))−
−
4∑
a,b=1
Tr(c(ab)Φ
(a)
i η
i
ab) + c
(a)Da (6.7)
with Z(aa) = 0, cab and c
(a) parameterizing the closed string vevs and ηiab the t’Hooft
symbols
ηijk = ijk η
i
j4 = −ηi4j = δij (6.8)
The superpotential contains other terms in principle, for instance quartic terms in
Z(ab), but if we take small closed string moduli, and therefore small cab and c
(a), then the
bifundamental and chiral fields solving the eq. of motion can be shown to be small, and
then it’s consistent to ignore this higher order terms in the superpotential.
The moduli-dependence of the quantum mechanics action can be derived from string
scattering amplitudes involving open and closed strings (in [115, 116] they arrived to the
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same result with a much longer direct computation). At linear order in the closed string
fields two types of terms are generated
LD =
∫
d2θ d2θ¯ tr c(a) Va = c
(a)Da
LF = −
∫
d2θ
4∑
a,b=1
ηiab c
(ab) trΦ
(a)
i + h.c = −
4∑
a,b=1
ηiab c
(ab) trF
(a)
i + h.c (6.9)
The functions c(a) and c(ab) depends on the closed string moduli and characterize the gen-
erated Fayet-Iliopoulos and F-terms respectively. At linear order the coupling is computed
by the two point string amplitudes on the disk:
AD,F = 〈Wg,bVD,F 〉 (6.10)
where VD,F are the open string vertices for the D aor F fields and Wg,b the closed string
vertex. Explicitly, the vertex operators are [117]:
W (z1, z2) = (ERa)MNe
−ϕ c ψMeikX(z1)c e−ϕψNeikRX(z2)
VD(z3) = ξΩMN : c ψ
M ψN (z3) :
VFi(z3) = ζ
i
MN : c ψ
M ψN (z3) : (6.11)
with Ra the reflection matrix, EMN = gMN + bMN describing the graviton gMN and the
B-field bMN polarizations and ζ
i
MN a tensor with the only non-trivial components
ζij¯k¯ =
1
2
ζi δ i¯j j¯k¯l¯ (6.12)
Finally ΩMN is an off-diagonal anti-symmetric matrix with non-tivial components Ω45 = 1,
Ω67 = Ω89 = −1.
The string amplitude becomes
AD,F ∼ 〈c e−ϕ ψM (z1)c e−ϕ ψN (z2)c : ψPψQ(z3) :〉 = (ηPMηQN − ηQMηPN ) (6.13)
leading to
AD = ξ tr(ΩERa)
AFi = ζ(i)MN (ERa)[MN ] =
1
2
ζi ijk(ERa)jk (6.14)
where by [MN ] we denote the antisymmetric part of the tensor. We note that (R0)MN =
MδMN with M = ±, with plus and minus signs for Neumann and Dirichlet directions
respectively. Specifying to the various types of branes and denoting by 45, 67 and 89 the
Neumann directions for the D21, D22 and D23 branes respectively one then finds
• D-terms:
tr(ΩED21) = b45 − b67 − b89 = c(1)
tr(ΩED22) = −b45 + b67 − b89 = c(2)
tr(ΩED23) = −b45 − b67 + b89 = c(3)
tr(ΩED6) = b45 + b67 + b89 = c
(4)
(6.15)
68
• F-terms:
ζ1 (ERD6)23 = −ζ1 (ERD21)23 = b68 − i b69 − i b78 − b79 = c(14)
ζ2 (ERD6)31 = −ζ2 (ERD22)31 = b48 − i b49 − i b58 − b59 = c(24)
ζ3 (ERD6)12 = −ζ3 (ERD23)12 = b46 − i b47 − i b56 − b57 = c(34)
ζ1 (ERD22)23 = −ζ1 (ERD23)23 = g69 − i g68 − i g79 − g78 = c(23)
ζ2 (ERD23)31 = −ζ2 (ERD21)31 = g49 − i g48 − i g59 − g58 = c(13)
ζ3 (ERD21)12 = −ζ3 (ERD22)31 = g47 − i g46 − i g57 − g56 = c(12) (6.16)
6.1.2 The Ground States
The classical ground states are defined by zeros of the scalar potential, which is the sum
of F terms, D terms and Gauge contributions:
VF =
4∑
a=1
3∑
i=1
∣∣∣∣∣ ∂W∂Φ(a)i
∣∣∣∣∣
2
+
4∑
a=1
4∑
b=1
∣∣∣∣ ∂W∂Z(ab)
∣∣∣∣2 (6.17)
VD =
1
2
4∑
a=1
(
4∑
b=1
(Z¯(ab)Z(ab) − Z¯(ba)Z(ba))− c(a)
)2
(6.18)
VGauge =
3∑
i=1
4∑
a=1
4∑
b=1
(x
(a)
i − x(b)i )(x(a)i − x(b)i )(Z¯(ab)Z(ab) + Z¯(ba)Z(ba)) (6.19)
being positive, each of these terms must be separately zero. One can show that this
lead to the equations of motion:
4∑
b=1
Tr(Z(ab)Z(ba)ηiab)−
4∑
b=1
Tr(c(ab)ηiab) = 0 ∀ i, a
3∑
i=1
Tr
[
(Φ
(a)
i − Φ(b)i )Z(ba)ηiab
]
+
4∑
c=1
Tr(Z(bc)Z(ca)) = 0 ∀ a, b (6.20)
Is it possible to numerically solve this set of equations for low number of branes. For
instance fixing the closed moduli and for Na = 1 with a = 1, 2, 3, 4 one finds exactly 12
distinct solutions [115, 116] characterized by different value of z(ab) and φ(a), but with
x
(a)
i = 0. This explicit SQM counting matches with the exact index computation in the
D1-D5-KK-P frame [118]. Notice that the D1-D5-KK-P index for Na = 1 is exactly 12,
therefore each microstate has zero angular momentum. More generally, since the moduli
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space is composed by disconnected zero dimensional pieces, every microstate will have zero
angular momentum and will be a ”pure Higgs” state (pure Higgs states are the ones arising
from the middle cohomology of the moduli space [113], but here the middle cohomology is
the whole space, since the space is zero dimensional).
As we increase the number of branes in each stack the computations become quickly
intractable, since the fields are now matrices, therefore there are new terms due to the
commutators and more unknowns to be solved; nevertheless for the few Na > 1 that have
been checked one finds perfect agreement between index and SQM calculations.
6.2 Open String vevs
The microstate counting was performed at the classical level, with all the fermions van-
ishing; for every branes configurations we found different vacua, that can be seen as delta
function wave function, while the real quantum solutions will be wave functions with finite
spread around the classical solutions and we expect them to be relevant for the exact values
assumed by the open string vevs in the string scattering computations. More precisely the
fermionic-bosonic polarizations in the open string vertex will be promoted to operators in
the SQM and the vev over a particular ground states will have a definite value depending
on the ground state itself.
To be concrete, let’s focus on the string theory 4 fermions correlator (4.82), that we
rewrite here schematically:
〈Vµ1(z1)Vµ2(z2)Vµ3(z3)Vµ4(z4)WNSNS(z5, z6)〉 (6.21)
Previously this correlator was computed only over the worldsheet CFT (integration
over zp), while now given the string vertex operator
Vµα = µ
(ab)
α e
−ϕ
2 Sα e
i
2
hjab
∏
j6=jab
∆j (6.22)
we promote the open string polarizations µ
(ab)
α to operators, impose the adequate an-
ticommutation relationships and identify them with the fields of the quantum mechanics.
The explicit form of the other bifundamental vertex operators consistent with the super-
charges preserved by the D6-D2-D2-D2 system can be found in appendix (G). Finally, for
the polarizations we have an additional vev over the SQM ground state |f〉:
〈f |µ(a1a2)A1 µ
(a2a3)
A2
µ
(a4a1)
A3
µ
(a4a1)
A4
|f〉 (6.23)
To found the explicit form of |f〉, that will include even fermions creation operators,
one must go beyond the classical approximation and solve the full Schrodinger equation
for every ground states.
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6.2.1 Quantum Ground States: Toy Model
To illustrate how to compute the ground state in a generic SQM we will use a toy model,
while we will only give some partial result on the computation with the real D6-D2-D2-D2
system, as this is still work in progress [119]. See [120] for a comprehensive overview of
SQM.
Consider a SQM with only one scalar field x, a fermionic superpartner ψ and with
superpotential W . The lagrangian of such a theory is given by:
L =
1
2
x˙2 − 1
2
(∂xW (x))
2 +
i
2
(ψ¯ψ˙ − ˙¯ψψ)− ∂2xW (x)ψ¯ψ (6.24)
where ψ¯ is the complex conjugate of ψ, satisfying {ψ,ψ} = 0 and {ψ¯, ψ¯} = 0 . The
lagrangian is invariant under supersymmetric transformations
δx = ψ¯ − ¯ψ δψ = (ix˙+ ∂xW ) δψ¯ = ¯(−ix˙+ ∂xW ) (6.25)
where  is the complex fermionic parameter and ¯ is the conjugate. The associated
conserved charges are two real supercharges:
δ
∫
Ldt =
∫
dt
(−i˙Q− i ˙¯Q¯) (6.26)
Q = ψ¯(ix˙+ ∂xW ) = ψ¯(ip+ ∂xW ) Q¯ = ψ(−ix˙+ ∂xW ) = ψ(−ip+ ∂xW ) (6.27)
where Q† = Q¯ and p = ∂L∂x˙ = x˙. Using that pψ =
∂L
∂ψ˙
= iψ¯ we can impose the
quantization relations:
[x, p] = i {ψ, ψ¯} = 1 (6.28)
where the second relation follows from {ψ, pψ} = i. The bosonic Hilbert space is given
by the space of square-normalizable wave functions, while the fermionic space is built from
a vacuum state |0〉 defined by the action of the annihilation operator:
ψ |0〉 = 0 (6.29)
In this simple theory the fermionic Hilbert space is two dimensional:
|0〉 ψ¯ |0〉 (6.30)
since ψ¯2 = 0 and there no other fermions. Therefore the most general state is given
by:
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Ψ = f1(x) |0〉+ f2(x)ψ¯ |0〉 (6.31)
One can show that the Hamiltonian satisfies
H =
1
2
{Q , Q¯} > 0 (6.32)
therefore zero energy states (ground states) are annihilated by the supercharges and
are supersymmetric, and vice versa17. Since p acts as a derivative in the space of the x,
the supersymmetric conditions
QΨ = Q¯Ψ = 0 (6.33)
translates into differential equations for the bosonic piece:
(
d
dx
+W ′(x)
)
f1(x) = 0 (6.34)
(
− d
dx
+W ′(x)
)
f2(x) = 0 (6.35)
which are solved by
f1(x) = c1 e
−W (x) f2(x) = c2 eW (x) (6.36)
Since we are looking for normalizable solutions, the final answer depend on the be-
haviour of the superpotential at infinity. Beside the case with no solutions, the two possi-
bilities are:
Ψ = e−W |0〉 Ψ = eW ψ¯ |0〉 (6.37)
In a more realistic scenario with n boson-fermion pairs xA, ψA with A = 1, . . . , n, the
superpotential can be expanded around its critical points, which coincide with the ground
states 18 :
17Moreover it can be shown the space of supersymmetric ground states coincide with the cohomology of
the supercharges.
18More precisely, this is true at the perturbative level in the parameter λ used to rescale the superpotential
W → λW , to take advantage of the scale invariance of the index. Non perturbative effect can lift some zero
energy states.
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W (x) = W (xi) +
1
2
[
∂2W
∂xAxB
]
x=xi
(xA − xA0 )(xB − xB0 ) + . . .
= W (xi) +
∑
A
c
(0)
A (τ
A
(0))
2 (6.38)
where τ are some adapted coordinates. The supersymmetric ground states in this
theory are given by
Ψi = e
−∑A |c(i)A |(τA(i))2 ∏
B:c
(i)
B <0
ψ¯B |0〉 (6.39)
where i labels the particular critical point xi around which we are expanding the
superpotential, c
(i)
B are the eigenvalues of the Hessian matrix ∂I∂JW at xi. The number of
fermionic creation operators is the Morse index, that is the number of negative eigenvalues
of the Hessian matrix at xi.
6.2.2 Quantum Ground States: D-brane system
Coming back to the D-brane system, the kinetic part of the action can be written as
Skin =
4∑
a=1
[
1
2
3∑
i=1
(
∂tx
(a)
i
)2
+ iλ¯(a) σ¯0 ∂t λ
(a)
]
+
∑
(ab)
[
∂tz
(ab)∂tz¯
(ba) + iµ¯(ba)σ¯0∂tµ
(ab)
]
+
4∑
a=1
3∑
i=1
(
∂tφ
(a)
i ∂tφ¯
(a)
i + iχ¯
(a)
i σ¯0∂tχ
(a)
α,i
)
(6.40)
After quantization, time derivative of the scalars are momenta conjugate to the original
fields and can be represented by derivatives
δL
δz˙(ab)
= ˙¯z(ba) z˙(ab) → −i ∂
∂z¯(ba)
. (6.41)
Similarly for the fermions we have
δL
δµ˙
(ab)
α
= −iσ¯α˙α0 µ¯(ba)α˙ (6.42)
which, using that {µ, piµ} = i, implies the anticommutation relations
{µ¯(ba)α˙ , µ(ab)β } = −σ0βα˙ = δβα˙ (6.43)
Finally we define the vacuum of the fermionic Fock space as follows
µ(ab)α |0〉 = 0 (6.44)
for all values of (ab) and for α = 1, 2. In an analogous fashion one finds:
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{λ¯(a)α˙ , λ(a)β } = δα˙β , {χ¯(a)α˙i , χ(a)βj } = δα˙β δij , i, j = 1, 2, 3 (6.45)
and
χ
(a)
αi |0〉 = 0 , λ(a)α |0〉 = 0 (6.46)
Given the lagrangian, we can extract the supercharges by making the  depend on time
and looking at:
δ
∫
Ldt =
∫
dt
(
˙αQα + ˙¯α˙Q
α˙
)
(6.47)
with δ =
√
2(αδα + ¯α˙δ
α˙). The terms with time derivatives of  come only from the susy
variation of the kinetic terms, so we find
Qα =
∑
s
∂L
∂Φ˙s
δαΦs (6.48)
with the sum running over all fields Φs of the quantum mechanics. The relevant variations
are
δαz
(ab) = µ(ab)α δα˙z¯
(ab) = µ¯
(ab)
α˙
δαµ
(ab)
β = −
∂W
∂z¯(ba)
αβ δα˙µ¯
(ba)
β˙
= − ∂W
∂z(ab)
α˙β˙
δαµ¯
(ba)
α˙ = −iσ0αα˙ ˙¯z(ba) − σiαα˙ x(ba)i z¯(ab) δα˙µ(ab)α = iσ0αα˙z˙(ab) − σiαα˙ x(ab)i z(ab) (6.49)
δαφ
(a)
i = χ
(a)
αi δα˙φ¯
(a)
i = χ¯
(a)
α˙i
δαχ
(a)
βi = −
∂W
∂φ¯
(a)
i
αβ δα˙χ¯
(a)
β˙i
= − ∂W
∂φ
(a)
i
α˙β˙
δαχ¯
(a)
α˙i = −iσ0αα˙ ˙¯φ(a)i − σiαα˙ x(a)i φ¯(a)i δα˙χ(a)αi = iσ0αα˙φ˙(a)i − σiαα˙ x(a)i φ(a)i (6.50)
δαx
(a)
µ = −iλ¯(a)α˙ (σ¯µ)α˙βαβ δα˙x(a)µ = iα˙β˙(σ¯µ)β˙αλ(a)α
δαλ
(a)
β = (σ
µνF (a)µν + iD
(a)) γα γβ δα˙λ¯
(a)
β˙
= α˙γ˙(σ¯
µνF (a)µν − iD(a))γ˙β˙ (6.51)
where x
(ab)
i = x
(a)
i − x(b)i . Additional details can be found in the appendix (F).
Using the supersymmetry variations the supersymmetry charges can be written as19
Qα =
∑
a6=b
(
2 ˙¯z(ba)µ(ab)α + iσ
i
αβ˙
(σ¯0)β˙βx
(ab)
i z¯
(ba)µ
(ab)
β − iµ¯(ba)α˙ (σ¯0)α˙βαβ
∂W
∂z¯(ba)
)
+
+
∑
a,i
(
2 ˙¯φ
(a)
i χ
(a)
αi + iσ
i
αβ˙
(σ¯0)β˙βx
(a)
i φ¯i
(a)
χ
(a)
βi − iχ¯(a)α˙i (σ¯0)α˙βαβ
∂W
∂φ¯
(a)
i
)
+
+
∑
a,i
(
−2 i x˙(a)i λ¯(a)α˙ (σ¯i)α˙βαβ − λ¯(a)α˙ (σ¯0)α˙βD(a) αβ
)
(6.52)
19To obtain this symmetric form we rewrite the fermionic kinetic terms in a symmetric fashion (for
instance, µ¯µ˙→ 1
2
(µ¯µ˙− ˙¯µµ).
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Q¯α˙ =
∑
a6=b
(
2z˙(ab)µ¯
(ba)
α˙ − iσiαα˙(σ¯0)γ˙αx(ab)i z(ab)µ¯(ba)γ˙ + iµ(ab)α (σ¯0)β˙αα˙β˙
∂W
∂z(ab)
)
+
+
∑
a,i
(
2φ˙i
(a)
χ¯
(a)
α˙i − iσiαα˙(σ¯0)γ˙αx(a)i φ(a)i χ¯(a)γ˙i + iχ(a)αi (σ¯0)β˙αα˙β˙
∂W
∂φ
(a)
i
)
+
∑
a,i
(
2 i x˙
(a)
i α˙β˙(σ¯
i)β˙αλ(a)α − α˙β˙ D(a)(σ¯0)β˙βλ(a)β
)
(6.53)
where we used the fact that the only non-trivial components of Fµν is F0i = x˙i since we
choose the gauge x0 = 0. The auxiliary field D is fixed by the equations of motions as:
c(a) +
∑
b
(z¯(ba)z(ab) − z¯(ab)z(ba)) = D(a) (6.54)
We define the ground state |f〉 as the solution to the equations
Qα |f〉 = Q¯α˙ |f〉 = 0 , (6.55)
Using (6.41) and analogous relations, these conditions are differential equations for the
open string fields. When solved [119], one can compute the open string vevs as
〈f |µ(a1a2)A1 µ
(a2a3)
A2
µ
(a4a1)
A3
µ
(a4a1)
A4
|f〉 (6.56)
Since the string scattering processes have an associated SUGRA solution, it’s in prin-
ciple possible to identify these microstates from the subleading terms in the asymptotic
expansion of the SUGRA solutions.
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7 Conclusions
After nearly 50 years from his introduction [121] the black hole information paradox is still
alive and unsolved. The experimental detection of gravitational waves from a black hole
merger may be the experimental hint that will guide the community towards the solution,
discriminating among the countless theoretical proposals or letting us finding a new one.
In this thesis we made the initial assumption that string theory is the correct theory
of quantum gravity and performed calculations in this setting; this belief is supported
by the matching of many calculations from the macroscopic and microscopic side. We
mainly focused on the Fuzzball proposal for four charges black holes in string theory,
which conjecture that every microstates is associated to a regular solution in supergravity,
even though many of the results are in fact more general.
In the first part of the thesis we explored the black hole problem from the point of view
of probes strings scattering on a configuration of intersecting branes. We compared some
known supergravity solutions with the emission from a system of four D-branes stacks.
The goal was to find the subclass of supergravity solutions able to carry the string theory
microstates impersonated by the open strings configurations. Here the underlying idea is
that while every open string configuration is a valid microstate in the full string theory, is it
not obvious what appearance this microstate will have in low energy gravity and if it will be
regular. The outcome of this analysis is the general expression of the supergravity subclass
compatible with the string theory microstates, even though a loot of freedom remain since
the original family was constructed in term of generic harmonic functions.
The next step is to study these harmonic functions; in light of the fuzzball proposal
there should be regular solutions associated to these microstates therefore we worked purely
in supergravity to find regular solutions. The study of the supergravity solution can be es-
sentially reduced to five dimensions, where many class of solutions are already known, even
though since we ultimately interested to regular solutions associated to four dimensional
black holes we still demand the correct amount of charges and the correct asymptotic in
five dimensions to be R1,3×S1, so that the number of large space-time dimensions is four.
There are two kind of constraints on the solution: firstly the regularity constraints coming
from classical gravity like absence of closed time-like curves, Taub-NUT singularities and
divergences in the curvature scalars; secondly there constraints coming from string theory,
found with the scattering analysis. The upshot is that there are many instances of regular
solutions inside the family related to the stringy configurations. This investigation can be
considered as a proof of existence for regular solutions for the D-brane system, but more
work is required to fully understand the characteristic of these solutions and an interesting
question that still remain open is how much general are these solutions, is this family large
enough to account for a significant part of the black hole entropy?
Finally, in the last section we focused on the world-volume theory of the D-brane
system, that is on a supersymmetric quantum mechanics containing all the fields associated
to open strings, both twisted and untwisted. This complementary point of view on the
black hole system is handy to explicit count the microstates, at least for low number of
branes. The counting requires only the classical approximation, that is simply looking for
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the supersymmetric vacua of the theory, but it is interesting to go beyond and compute the
quantum ground states, for instance to study correlators of open string fields. The latter
application allow us to give a precise value to the open string vevs appearing in the string
scattering computations, since for generic value of the closed string moduli these vevs are
not arbitrary complex values anymore. This last section is part of an ongoing research
project and could shed light on how microstates in the gravity description differ from a
black hole, namely identifying quadrupoles and higher multipoles terms.
A great deal of work remain to be done in the black holes microstates field. For three
charge black holes the current technology is pretty advanced and very sophisticated gravity
solutions are available in literature. Possible interesting directions includes:
• What happen to an infalling observer? Is the would-be horizon soft or hard?
• What about the dynamic? How are fuzzball/stringy solutions formed?
• What is the signature of these solutions? How can an external observer distinguish
them from black holes?
Regarding four charges solutions, the main topic of this thesis, it would be nice to
enlarge the number of microstates geometries available and study them in parallel with the
microscopic description. There are many possible tools to do this, here we have focused on
SQM and string scattering amplitudes, but holography, namely AdS2/CFT1, remain an
important future tool to get new insights.
Finally, after many years, there is the opportunity to confront models with experimen-
tal data coming from gravitational waves detections. It is still not clear if a fuzzball or
other quantum gravity effects will leave a signature that is detectable just with gravitational
waves, but its worth squeezing our models to extract predictions, at least by considering
the implications of the universal features of the known solutions, for instance the capped
space behind the would-be horizon.
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A Notations and conventions
The four-dimensional metric and epsilon tensors
ηµν = (−,+,+,+) 0123 = −1 (A.1)
Weyl spinors and two dimensional epsilon tensors
12 = 21 = 
1˙2˙ = 2˙1˙ = 1 
accb = δ
a
b 
a˙c˙c˙b˙ = δ
a˙
b˙
µa = abµb µa = abµ
b µ¯a˙ = a˙b˙µ¯
b˙ µ¯a˙ = a˙b˙µ¯b˙
µχ = χµ = µaχa µ¯χ¯ = χ¯µ¯ = µ¯a˙χ¯
a˙ (A.2)
Sigma matrices:
(σ¯µ)a˙b = a˙c˙bc(σµ)cc˙ (σ
µ)ab˙(σ¯µ)
c˙d = −2δbda δbc˙b˙
σµ = (−1, ~σ) σ¯µ = (−1,−~σ)
σ0 =
(
−1 0
0 −1
)
σ1 =
(
0 1
1 0
)
σ2 =
(
0 −i
i 0
)
σ3 =
(
1 0
0 −1
)
(A.3)
The index structure is the following:
• M,N,R . . . for 10-dimensional vector indices.
• Mˆ, Nˆ , Rˆ . . . for 6-dimensional vector indices.
• α, β . . . for left spinorial indices in directions {t, x1, x2, x3}
• α˙, β˙ . . . for right spinorial indices in directions {t, x1, x2, x3}
• A,B,C . . . for SO(1, 5) spinor indices. Upper position means right spinor, lower
position left spinor.
• µ, ν, ρ . . . for vectorial indices in extended space-time directions {t, x1, x2, x3}
• i, j, k . . . for vectorial indices in extended spatial directions {x1, x2, x3}
• 1, 1¯, 2, 2¯ . . . for complex vectorial indices. In particular {1, 1¯} parametrize the first
internal torus {y1, y˜1}, whilst {4, 4¯} → {t, x3}, {5, 5¯} → {x1, x2}.
The left and right spin fields of directions {t, x1, x2, x3} are respectively bosonized by
the scalar field ϕI according to the formula:
left : Sα = e
i
2
(±ϕ4±ϕ5) #(−) = even (A.4)
right : Cα˙ = e
i
2
(±ϕ4±ϕ5) #(−) = odd (A.5)
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The complex fermions Ψ are built from the real ones ψ via20
ΨI =
1√
2
(ψ2I−1 + iψ2I) ΨI¯ =
1√
2
(ψ2I−1 − iψ2I) (A.6)
and are bosonized as:
ΨI = eiϕI (A.7)
In the text we will always use the notation ψ, even when referring to the complex
fermion, as it should be clear from the context which of the two is used. Cocycle factors,
needed to implement anticommutation, will be also omitted.
A.1 OPEs and Correlators
We choose length units where α′ = 2.
〈ψµ(z)ψν(w)〉 = η
µν
(z − w) (A.8)
〈Xµ(z)Xν(w)〉 = −ηµν log(z − w) (A.9)
〈∂zXµ(z)eikX(w)〉 = − ik
µ
(z − w) (A.10)
〈
N∏
i,j=1
eqiϕ(zi)eqjϕ(zj)〉 =
N∏
i<j
(zi − zj)qi·qj (A.11)
〈
N∏
i,j=1
eiλiϕ(zi)eiλjϕ(zj)〉 =
N∏
i<j
(zi − zj)λi·λj (A.12)
We use the following basics OPEs in four dimensions:
Cα˙(z)Sβ(w) ∼ − 1√
2
(σ¯µ)
α˙βψµ(w) (A.13)
ψµ ∼ 1√
2
(σ¯µ)β˙αCβ˙Sα (A.14)
Sα(z)Sβ(w) ∼ αβ
(z − w)1/2 (A.15)
Cα˙(z)Cβ˙(w) ∼ −
α˙β˙
(z − w)1/2 (A.16)
ψm(z)C β˙(w) ∼ 1√
2
(σ¯m)β˙αSα(w)
(z − w)1/2 (A.17)
20It’s convenient to treat the torus {4, 4¯} → {t, x3} in a different way by defining Ψ4 = 1√2 (ψ0+ψ3), Ψ4¯ =
1√
2
(ψ0−ψ3) in order to use σ¯µ = {σ¯0, σ¯1, σ¯2, σ¯3}. Otherwise one can use (A.6) and add an i factor in front
of σ¯3 in the definition of σ¯µ.
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ψµ(z)Sα(w) ∼ − 1√
2
(σµ)αβ˙C
β˙(w)
(z − w)1/2 (A.18)
ψµψν(z)Sα(w) ∼ (σ
µν) βα Sβ(w)
(z − w) (A.19)
ψµψν(z)Cα˙(w) ∼
(σ¯µν)α˙
β˙
C β˙(w)
(z − w) (A.20)
A.2 How to Fix the Normalization
As an example, let’s explictly fix the normalization of (A.13).
S1 = e
i
2
(ϕ1+ϕ2) S2 = e
i
2
(−ϕ1−ϕ2) (A.21)
C 1˙ = e
i
2
(−ϕ1+ϕ2) C 2˙ = e
i
2
(+ϕ1−ϕ2) (A.22)
Therefore, choosing α˙ = 1˙, β = 2 and using (A.6):
C 1˙(z)S2(w) ∼ e−ϕ1 = Ψ1¯ = 1√
2
(ψ1 − iψ2) = N(σ¯µ)1˙2ψµ (A.23)
So we have:
N(σ¯µ)
1˙2ψµ = N(ψ1(σ¯1)
1˙2 + ψ2(σ¯2)
1˙2) = N(ψ1(−1) + ψ2(i)) = −N(ψ1 − iψ2) (A.24)
From the comparison, it follows that N = − 1√
2
.
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B The ten dimensional solution and its 4d reduction
In this appendix we collect some details on the dimensional reduction down to four di-
mensions of the eight harmonic family of BPS solutions describing a general system of
intersecting D3-branes on T 6.
B.1 The ten dimensional solution
The eight harmonic family of BPS solutions associated to D3-branes intersecting on T 6 is
characterised by a metric gMN and a four form Ramond field C4 of the form [15]
ds2 = gµν dx
µ dxν +
3∑
I=1
hImn dy
m
I dy
n
I
C4 = Cµ,mnp dx
µ ∧ dym1 ∧ dyn2 ∧ dyp3 , (B.1)
with µ = 0, . . . 3, m = 1, 2. xµ are the coordinates along the four-dimensional space time
and ymI = (yI , y˜I) span a T
2 × T 2 × T 2 torus with I = 1, 2, 3 labelling the three two-torus.
More precisely we write 21
ds2 = −e2U (dt+ w)2 + e−2U
3∑
i=1
dx2i +
3∑
I=1
1
ImUI
|dyI + UIdy˜I |2
C4 = AΛγ
Λ = Aaγ
a +Aa˙ γ
a˙ (B.3)
with αΛ one forms in four dimensions and γΛ three forms in the internal torus. Λ =
(mnp) = (a, a˙) is a collective index labelling the 8 different three cycles [mnp] on T 6
entering in the solution
γa = (dy1 ∧ dy2 ∧ dy3, dy˜1 ∧ dy2 ∧ dy3, dy1 ∧ dy˜2 ∧ dy3, dy1 ∧ dy2 ∧ dy˜3)
γa˙ = (dy˜1 ∧ dy˜2 ∧ dy˜3, dy1 ∧ dy˜2 ∧ dy˜3, dy˜1 ∧ dy2 ∧ dy˜3, dy˜1 ∧ dy˜2 ∧ dy3) (B.4)
All functions entering in the metric and four form can be written in terms of eight harmonic
functions
{V,LI ,KI ,M} (B.5)
on R3 or equivalently in terms of the following combination
ZI = LI +
|IJK |
2
KJKK
V
,
µ =
M
2
+
LIK
I
2V
+
|IJK |
6
KIKJKK
V 2
. (B.6)
21 In matrix form
hImn =
1
ImUI
(
1 ReUI
ReUI |UI |2
)
, hmnI =
1
ImUI
(
|UI |2 −ReUI
−ReUI 1
)
. (B.2)
82
with IJK characterizing the triple intersections between two cycles on T
6. One finds
e−4U = Z1Z2Z3V − µ2V 2,
UI = ReUI + iImUI = −bI + i
(
V e2UZI
)−1
bI =
KI
V
− µ
ZI
,
Aa = (α, α
I − bIα)
Aa˙ =
(
β − b1b2b3α− βIbI + 1
2
|IJK |αIbJbK , βI + |IJK |
(
αbJbK − 2bJαK)) (B.7)
Finally the one-forms α, αI , β, βI are defined in terms of the eight harmonic function via
α = w0 − µV 2e4U (dt+ w) ,
αI = −dt+ w
ZI
+ bIw0 + w
I ,
β = −v0 + e
−4U
V 2Z1Z2Z3
(dt+ w)− bIvI + b1b2b3w0 + |IJK |
2
bIbJwK ,
βI = −vI + |IJK |
2
{
µ (dt+ w)
ZJZK
+ bJbKw0 + 2b
JwK
}
(B.8)
and
∗3dw0 = dV, ∗3dwI = −dKI , ∗3dv0 = dM, ∗3dvI = dLI
∗3dw = 1
2
(
V dM −MdV +KIdLI − LIdKI
)
(B.9)
B.2 The four dimensional model
After reduction to four dimensions, the ten dimensional solution can be viewed as a solution
of a N = 2 truncation of maximal supersymmetric supergravity involving the gravity
multiplet and three vector multiplets. The four dimensional model arises as a dimensional
reduction of the ten dimensional lagrangian
L = √g10
(
R10 − 1
4·5!FM1...M5F
M1...M5
)
(B.10)
Plugging the ansatz (B.1) into (B.10) and taking all fields varying only along the four-
dimensional spacetime one finds
L = √g4
(
R4 −
3∑
I=1
∂µUI∂
µU¯I
2 (ImUI)
2 −
1
4·2!Fµν,ΛF
µν,Λ
)
(B.11)
It is convenient to introduce a metric HΛΣ and its inverse to raise and lower the Λ indices.
One writes
Habc,def = had1 hbe2 hcf3 (B.12)
or in matrix form
HΛΣ =
(
H1 H2
HT2 H3
)
, (B.13)
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with Hab1 , Haa˙2 , Ha˙b˙3 4× 4 matrices. The self-duality condition of the five form field in ten
dimensions
Fµνabc =
√
g10
2
µνρσabcdefF
ρσdef , (B.14)
reduces to
Fabc = abcdef F˜
def ⇔ FΛ = ΛΣF˜Σ (B.15)
with F˜ = ∗4F and ΛΣ an block off-diagonal antisymmetric matrix with the only non-trivial
components
00˙ = −II˙ = −0˙0 = I˙I = 1 (B.16)
In components
Fa = aa˙F˜
a˙ Fa˙ = a˙aF˜
a (B.17)
These self-duality relations can be used to express the components Fa˙ in terms of the
Poincare’ duals of Fa. Indeed, inverting the first equation in (B.17) one finds
22
Fa˙ = −(H−13 )a˙b˙
(
b˙cF˜c +Hb˙c2 Fc
)
(B.18)
with a˙a = diag(1,−1,−1,−1) the inverse of aa˙. Using these relations one can write
FΛF
Λ = Lstu + Ltop (B.19)
with Ltop = −2aa˙F˜a˙Fa a total derivative,
Lstu = 2(FaIabFb + FaRabF˜b) (B.20)
and 23
Iab = stu

1 + σ
2
s2
+ τ
2
t2
+ ν
2
u2
− σ
s2
− τ
t2
− ν
u2
− σ
s2
1
s2
0 0
− τ
t2
0 1
t2
0
− ν
u2
0 0 1
u2
 Rab =

2στν −τν −σν −στ
−τν 0 ν τ
−σν ν 0 σ
−στ τ σ 0
 (B.21)
where
UI = (σ + is, τ + it, ν + iu) (B.22)
Discarding the total derivative term, the four-dimensional Lagrangian can then be written
as
L = √g4
(
R4 −
3∑
I=1
∂µUI∂
µU¯I
2 (ImUI)
2 −
1
4
FaIabFb − 1
4
FaRabF˜b
)
(B.23)
22Here we use ∗24 = −1.
23Equivalently
Iab ≡ Hab1 + ab˙(H−13 )b˙c˙c˙b −Hab˙2 (H−13 )c˙d˙Hd˙b2
Rab ≡ ab˙(H−13 )b˙c˙Hc˙b2 +Hab˙2 (H−13 )b˙c˙c˙b
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The equations of motion read
Rµν − 1
2
gµν =
1
2 (ImUI)
2
(
∂µUI∂νUI − 1
2
gµν(∂UI)
2
)
+
1
2
Iab
(
FaµσF
σ
bν −
1
4
gµνFa Fb
)
+
1
2
Rab
(
FaµσF˜
σ
bν −
1
4
gµνFa F˜b
)
∇µ
{
IabFµνb +RabF˜µνb
}
= 0
−∇µ ∇
µUI
(ImUI)
2 = i
∂µUI∂
µU¯I
(ImUI)
3 +
1
2
Fa
∂Iab
∂U¯I
Fb +
1
2
Fa
∂Rab
∂U¯I
F˜b (B.24)
B.3 The basic solutions
A family of supersymmetric solutions to equations (B.24) is given in [15]. These solutions
can be viewed as made of three different types of solutions, referred as K, L or M. In the
following we display a representative of solution in each type.
B.3.1 L solutions
The L class of solutions can be represented by the choice
V ≡ L (x) , M = KI = 0, LI = 1 ⇒ ZI = 1, µ = 0
I = diag
(
L−3/2, L−1/2, L−1/2, L−1/2
)
R = 0 (B.25)
The solution can be written as
ds2 = −L− 12dt2 + L 12
3∑
i=1
dx2i
A0 = w0 ∗3 dw0 = dL
U1 = U2 = U3 = iL
− 1
2 (B.26)
B.3.2 K solutions
The K solutions correspond to the choice
K3 = −M ≡ K (x) , LI = V = 1, K1 = K2 = 0 ⇒ ZI = 1, µ = 0
I =

1 +K2 0 0 K
0 1 0 0
0 0 1 0
K 0 0 1
 R =

0 0 0 0
0 0 −K 0
0 −K 0 0
0 0 0 0
 (B.27)
The solution is given by
ds2 = − (dt+ w)2 +
3∑
i=1
dx2i ,
U1 = U2 = i U3 = −K + i
A0 = A3 = 0 A1 = A2 = −w ∗3 dw = −dK (B.28)
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B.3.3 M solutions
The M solutions correspond to the choice
K2 = M ≡M (x) , LI = V = 1, K1 = K3 = 0 ⇒ µ = M ZI = 1,
I = a3/2

1 + 2M
2
a −Ma 0 −Ma
−Ma a−1 0 0
0 0 a−1 0
−Ma 0 0 a−1
 R =

0 0 −M2 0
0 0 M 0
−M2 M 0 M
0 0 M 0
 (B.29)
with a = 1−M2. The solution is given by
ds2 = − dt
2
√
1−M2 +
√
1−M2
3∑
i=1
dx2i ,
U1 = U3 = M + i
√
1−M2 U2 = i
√
1−M2
A0 = − M dt
1−M2 A1 = A3 = −
dt
1−M2 A2 = w2 ∗3 dw2 = −dM (B.30)
B.4 Sub-family of solutions
For completeness, we list some interesting sub-families of solutions included in the eight-
harmonic class.
B.4.1 No scalars: IWP solution
Einstein-Maxwell theory can be embedded in four dimensional supergravity by restricting
to geometries with a trivial internal square metric
V e2UZ = 1 bI = 0 (B.31)
These equations can be solved in terms of two harmonic functions ReH and ImH via the
identifications
V = L1 = L2 = L3 = ImH
−M = K1 = K2 = K3 = ReH (B.32)
The general solution reduces to24
ds2 = − |H|−2 (dt+ w)2 + |H|2 d|x|2
A0 = w0 − ReH|H|2 (dt+ w)
A1 = A2 = A3 = w
1 − ImH|H|2 (dt+ w) (B.34)
24 In our conventions the Einstein-Maxwell lagrangian reads
L = √g
[
R− 1
4
F 2
]
(B.33)
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with H a complex harmonic function
H = ReH + i ImH ∇2H = 0 (B.35)
and w and w0, w
1 one forms defined as
dw = i ∗3 [HdH∗ −H∗dH]
dw0 = ∗3d ImH dw1 = ∗3dReH (B.36)
We notice that the contribution to the stress energy tensor of gauge fields AI exactly match
that of A0 , so we can replace the four gauge fields by a single one given by
A = 2w0 − 2ReH|H|2 (dt+ w)
The resulting solution is known in the General Relativity literature as IWP ( after Israel,
Wilson and Perjes [122, 123] ) and includes very well known examples of solutions of
Maxwell-Einstein gravity:
• AdS2 × S2. The harmonic function H reads25
H =
1√
x21 + x
2
2 + (x3 − iL)2
(B.38)
The geometry is regular everywhere. An infinite class of regular IWP geometries,
obtained as bubbling of AdS2× S2 and parametrised by a string profile function has
been recently constructed in [98].
• Kerr-Newman solution with M = Q = q, P = 0, J = qL. The harmonic function H
reads
H = 1 +
q√
x21 + x
2
2 + (x3 − iL)2
(B.39)
The geometry has a naked curvature singularity at the zero of H.
• Reissner-Nordstrom with M = Q = q, P = J = 0. The harmonic function H reads
H = 1 +
q√
x21 + x
2
2 + x
2
3
(B.40)
The geometry has a curvature singularities at the zero of H.
• Charged Taub-NUT with M = Q = b1, P = −b2, J = 0. The harmonic function H
reads
H = 1 +
b1 + i b2√
x21 + x
2
2 + x
2
3
(B.41)
The geometry has no curvature singularities but it has a Dirac-Misner string-like
singularity.
25 Global coordinates are defined by
(x1, x2, x3) =
(√
(ρ2 + L2)(1− χ2) cosφ,
√
(ρ2 + L2)(1− χ2) sinφ, ρ χ
)
(B.37)
with ρ ∈ (−∞,∞), χ ∈ [−1, 1], φ ∈ [0, 2pi]. These coordinates cover twice the flat space with the points
(ρ, χ) and (−ρ,−χ) identified.
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B.4.2 One complex scalar: SWIP solutions
Next, we consider a solutions with single active scalar field, let us say U1, with U2 = U3 = i.
These conditions can be solved in terms of two complex harmonic functions H1, H2 after
the identification
L1 = V = ReH2, L2 = L3 ≡ ImH1 K1 = −M = ReH1 K2 = K3 ≡ −ImH2
(B.42)
For this choice the general solution reduces to
ds2 = − [Im (H1H¯2)]−1 (dt+ w)2 + Im (H1H¯2) 3∑
i=1
dx2i ,
U1 =
H1
H2
, U2 = U3 = i,
A0 = w0 +
ImH2
Im
(
H1H¯2
) (dt+ w) , A1 = w1 − ImH1
Im
(
H1H¯2
) (dt+ w)
A2 = A3 = w
2 − ReH2
Im
(
H1H¯2
) (dt+ w)
∗3dw = −Re
(
H1dH¯2 − H¯2dH1
)
∗3dw0 = Re dH2, ∗3dw1 = −Re dH1, ∗3dw2 = ImdH2. (B.43)
The IWP class corresponds to the choice H1 = iH2 = H. See for instance [66] for more
information on the SWIP solution.
B.4.3 Two complex scalars
This solution corresponds to the choice
L3 = L2 K
3 = K2 (B.44)
leading to
Z1 = L1 +
(K2)2
V
Z2 = Z3 = L2 +
K1K2
V
µ =
M
2
+
K1 (K2)2
V 2
+
K1 L1
2V
+
K2L2
V
(B.45)
The solution reads
ds2 = −e−2U (dt+ w)2 + e2U
3∑
i=1
dx2i , e
−4U = Z1Z22V − µ2V 2
U1 = −b1 + i(e2UV Z1)−1 U2 = U3 = −b2 + i(e2UV Z2)−1
A0 = w0 − µV 2e4U (dt+ w) A1 = w1 + V e4U (dt+ w)
(
Z22 −K1 µ
)
A2 = A3 = w
2 + V e4U (dt+ w)
(
Z1Z2 −KI µ
)
(B.46)
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with
∗3dw = 1
2
(V dM −MdV +K1dL1 − L1dK1 + 2K2dL2 − 2L2dK2)
∗3dw0 = dV, ∗3dw1 = −dK1 ∗3 dw2 = −dK2 (B.47)
and
b1 =
K1L1 − 2K2L2 −MV
2 [(K2)2 + V L1]
b2 = b3 = − K
1L1 +MV
2(K1K2 + V L2)
(B.48)
The SWIP solution is recovered for L1 = V and K
1 = −M after the identifications (B.42).
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C T Dualities
T-duality acts on SUGRA fields according to the generalized Buscher rules:
g′zz =
1
gzz
, e2φ
′
=
e2φ
gzz
, g′zm =
Bzm
gzz
, B′zm =
gzm
gzz
g′mn = gmn −
gmz gnz −Bmz Bnz
gzz
, B′mn = Bmn −
Bmz gnz − gmz Bnz
gzz
C ′(n)m1...mn = C
(n+1)
m1...mnz − nC
(n−1)
[m1...mn−1 Bmn]z − n(n− 1)
C
(n−1)
[m1...mn−2|z B|mn−1|z g|mn]z
gzz
C ′(n)m1...mn−1z = C
(n−1)
m1...mn−1 − (n− 1)
C
(n−1)
[m1...mn−2|z gz|mn−1]
gzz
(C.1)
where by z we denote the direction along with T-duality is performed and the metric is
understood in the string frame.
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D Branes at Angle
The scattering amplitudes computed for perpendicular branes can be generalized for branes
at angle [95], here we limit ourselves to show how to build the relevant vertex operators.
The rotation matrix is now generalized to:
RMN =

1 0 0 0 0
0 −13×3 0 0 0
0 0 R(θ1) 0 0
0 0 0 R(θ2) 0
0 0 0 0 R(θ3)
 (D.1)
where we have introduced the two dimensional matrices:
R(θi) =
(
cos(2θi) sen(2θi)
sen(2θi) −cos(2θi)
)
(D.2)
Boundary conditions imposed by intersecting branes at angle force the open strings
stretched between the branes to have non integer mode expansions, therefore leading to
vertex operators involving angle-dependent bosonic and fermionic twist field. The T-dual
picture is given by open strings ending on D-branes with magnetic fields switched on along
the world-volume. In the following we will construct a supersymmetric system of 4 D3
branes at angles and then we will identify the vertex operators corresponding to each pair
of branes.
Every Dp-brane imposes some restrictions on the spinors L,R parametrizing the SUSY
transformations generated by LQL + RQR, where QL,R are the supercharges (with the
same 10d chirality) of IIB superstring theory. Solutions to these constraints count the
number of unbroken supercharges in the system and when angles are taken into account
one finds that if the branes are related by SU(3) rotations some supersymmetry is preserved
[124]. In particular, we require that at least N = 1 is preserved between every couples of
branes, leading to a condition on the (relative) angles:
θ1 + θ2 + θ3 = 0 mod 2pi (D.3)
where θI is the angle between two branes in the {yI , y˜I} torus. To preserve N = 2,
(D.3) must be true and an angle must be zero, and to have N = 4 all the angles need to
be zero.
One can verify that the system of Fig.(8) satisfies (D.3) for all the six possible pairs
of branes. The convention is that a positive angle is taken counterclockwise from the
horizontal y direction, so for instance a right arrow stands for θ = 0, a left arrow for θ = pi
and up arrow for θ = pi/2.
To be concrete, we construct the vertex operators for the fermionic open string stretched
between the (ordered) pair D30D33 (for a more general discussion on vertex operators at
angle see [125]). In the canonical −12 superghost picture the vertex operator is:26
26 The subscript µ in Vµ is a symbol for the polarization, not an index!
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Figure 8. D3-brane configuration in the internal tori.
V {03}µ (zn) = e
−ϕ
2 µβ{03}Sβ(σ
(1)†
1/2−θe
iθϕ1)(σ
(2)
1/2−θe
−iθϕ2)(e−iϕ3/2)eiknX (D.4)
where Sβ is an SO(1, 3) spin field (see the appendix for notation and conventions) and
µβ is the fermionic polarization with Chan Paton indices not shown explicitly. In particular
every polarization µβ is actually a Chan-Paton matrix, for instance (µa b{03})
β refers to the
open string stretched between the brane a in the stack 0 and the brane b in the stack 3
(the order is important).
A bosonic twist σ
(I)
ξ field must be inserted for every I-torus (I = 1, 2, 3) in which the
branes are not parallel. The twist field is angle dependent and the angle ξ is computed
by rotating the first brane, the D30, to the second brane, with a dagger if the rotation is
clockwise and without dagger if it is counterclockwise. Of course σ†θ = σ1−θ. Similarly,
one must add a fermionic twist ei(ξ−
1
2
)ϕI for every torus. As a check one can verify that
the conformal dimension27 of the vertex operator is equal to 1 and that the vertex is
consistent with the SUSY condition (D.3). Indeed the action of the IIB positive chirality
supercharge Q(+++++) =
∮
dze+
i
2
(ϕ4+ϕ5+ϕ1+ϕ2+ϕ3)e−ϕ/2 must be well defined, implying
that no non-integer powers of z can appear in the commutator [Q, V
(−1/2)
µ ], which gives
the susy-related bosonic vertex operator.
The opposite chirality fermion, the one stretched from D33 to D30 is recovered by
doing the conjugation of the previous vertex:
27The conformal dimension of a bosonic twist field is given by h(σθ) =
1
2
θ(1− θ). Other useful formulas
are h(eqϕ) = − 1
2
q2 − q and h(eiλϕ) = 1
2
λ2 .
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V
{30}
µ¯ (zn) = e
−ϕ
2 µ¯β˙{30}Cβ˙(σ
(1)
1/2−θe
−iθϕ1)(σ(2)†1/2−θe
iθϕ2)(eiϕ3/2)eiknX (D.5)
The computation proceeds on the same line of the perpendicular ones, the only new
non trivial correlators being the ones involving the twist fields:
〈
σ
(3)
1/2(z1)σ
(3)
1/2(z3)
〉
= z
− 1
4
13〈
σ
(1)
1/2(z2)σ
(1)
θ (z3)σ
(1)
1/2−θ(z4)
〉
= (4piΓ{ 1
2
,θ, 1
2
−θ})
1
4 z
− θ
2
23 z
+ θ
2
− 1
4
24 z
− θ
2
+θ2
34〈
σ
(2)
1/2(z1)σ
(2)
1/2(z2)σ
(2)
1/2−θ(z3)σ
(2)
1/2+θ(z4)
〉
= z
− 1
4
12 z
− 1
4
+θ2
34
(
z13z24
z14z23
) 1
4
I− 12 [w] (D.6)
where we have used
〈σα(z1)σβ(z2)σγ(z3)〉 = (4piΓ{α,β,γ})
1
4 z−αβ12 z
−αγ
13 z
−βγ
23
(D.7)
Γα,β,γ =
Γ(1− α)Γ(1− β)Γ(1− γ)
Γ(α)Γ(β)Γ(γ)
(D.8)
〈σ1−a(z1)σa(z2)σ1−b(z3)σb(z4)〉 = z−a(1−a)12 z−b(1−b)34
(
z13z24
z14z23
) 1
2
(a+b)−ab
I− 12 (w) (D.9)
I[w] = 1
2pi
(B1(a, b)G2(w)H1(1− w) +B2(a, b)G1(w)H2(1− w)) (D.10)
B1(a, b) =
Γ(a)Γ(1− b)
Γ(1 + a− b) B2(a, b) =
Γ(b)Γ(1− a)
Γ(1 + b− a) (D.11)
G1(w) = 2F1[a, 1− b; 1;w] G2(w) = 2F1[1− a, b; 1;w] (D.12)
H1(w) = 2F1[a, 1− b; 1 + a− b;w] H2(w) = 2F1[1− a, b; 1− a+ b;w] (D.13)
w =
z12z34
z13z24
= 1− x (D.14)
where the last equality is valid after the gauge fixing
z1 = −∞ z2 = 0 z3 = x z4 = 1 z5 = z z6 = z¯ (D.15)
93
E GR: Definitions and Theorems
Here we alphabetically store some crucial definitions, theorems and useful properties em-
ployed throughout the thesis. Of course every definition involves the use of other terms
which in turn have their own definition involving other concepts and so on, therefore a cut
off must be done at some point.
Birkhoff Theorem : Schwarzschild metric is the unique vacuum solution outside
any localized source with spherical symmetry (the source can be even time dependent).
This apply both to stars and black holes. There is NO Birkhoff Theorem for rotating
spacetimes. It is not true that the geometry in vacuum regions outside a rotating stars is
the Kerr metric, even though this is true asymptotically (higher multipoles quickly fall-off).
Nonetheless if a black hole is stationary, then is static or axially symmetric. If is axially
symmetric then it must be a Kerr black hole. (Poisson pag. 204-206, Visser p.5) In presence
of charge substitute Schwarzschild with Reissner-Nordstrom and Kerr with Kerr-Newman.
Black Holes: A strongly asymptotically predictable space-time M is said to contain a
BH if M is not contained in J−(I +). The BH region is defined as B = [M − J−(I +)] and
the boundary is the event horizon. To concretely locate an event horizon for the common
case of stationary, asymptotically flat space-time in spherical coordinates and in which
surfaces r = const. are timelike until some fixed r = rH , one looks at the points at which
the r = const. become null, ı.e. when the normal ∂µr becomes null: g
rr(rH) = 0
BPS Black Holes and Rotation: Supersymmetric black holes are special cases of
stationary black holes. A stationary (asymptotically flat) black hole spacetime admits a
Killing vector field k that is timelike near spatial infinity, and unique up to normalization.
However, there may be interior regions outside the horizon, called ergoregions, within
which k is spacelike; in fact, an event horizon with a non-zero angular velocity necesarily
lies within an ergoregion. Supersymmetric spacetimes cannot have ergoregions, however,
because supersymmetry implies that k can be expressed in terms of a Killing spinor field,
and this expression allows k to be timelike or null but not spacelike. It follows that the
event horizon of a supersymmetric black hole must be non-rotating [126], even though
angular momentum can be non zero if we consider solutions with electric-magnetic fields,
see for instance [127].
Closed Timelike Curve: A closed curve with proper negative length (signature
(−+ ++)). For instance, in cylindrical coordinates t, r, φ, z with φ periodic and spacelike,
the condition for a CTC is gφφ|t,r,z < 0 at fixed t, r, z. A slightly stronger requirement for
the space-time is to be stably causal and for the t coordinate to be a global time function.
In this way, t will then be monotonic increasing on future-directed non-space-like curves
and hence there can be no CTCs. The coordinate t is a time function if and only if −gtt > 0.
Cosmic Censor Conjecture: All physically reasonable space-time are globally hy-
perbolic, ı.e. apart from a possible initial singularity, no singularity is ever visible to any
observer.
Ergosurface: Given a asymptotically time-translation Killing vector Kµ = ∂t, the
ergosurface is the surface where KµKµ = 0. Since we can define a stationary observer as
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ones whose four-velocity is parallel to Kµ, inside the ergosurface, in the ergoregion, Kµ
becomes spacelike and the observer cannot remain stationary.
Killing Horizon: If a Killing vector χ field is null along some null hypersurface Σ,
we say that Σ is a Killing Horizon. Every event horizon in a stationary, asymptotically flat
space-time is a Killing horizon for some Killing vector. If a space-time is static, the Killing
vector is ∂t.
Naked Singularity: An asymptotically flat space-time M which fails to be strongly
asymptotically predictable is said to posses a Naked Singularity.
No Hair Theorem: Stationary, asymptotically flat black hole solutions to GR cou-
pled to electromagnetism that are non singular outside the horizon are fully characterized
by mass, charge and angular momentum. Here we assume that electromagnetism is the
only long range non gravitational field. This result actually depends on the matter content
of the theory, so in general there will be some additional parameters, but the crucial point
remain: only a small finite number of parameters fully characterize the solution.
Strongly asymptotically predictable space-time: Let (M, gµν) be an asymptoti-
cally flat space-time with associated unphysical Weyl rescaled space-time (M˜, g˜µν). If in the
unphysical space-time there is an open region V˜ ⊂ M˜ with the closure of ¯M ∩ J−(I +) ⊂ V˜
such that (V˜ , g˜µν) is globally hyperbolic.
Surface Gravity: A given Killing vector fields χ obeys the geodesic equation along
the Killing horizon: χµ∇µχ = −κχ, where κ is a constant (in module) called surface
gravity. In a static, asymptotically flat spacetime it’s the acceleration of a static observer
neat the horizon, as measured by a static observer at infinity.
Trapped Surface: A compact, two-dimensional, smooth spacelike submanifold T
having the property that the expansion θ of both ingoing and outgoing (respectively v
and u constant) future directed null geodesics orthogonal to T is everywhere negative.
It’s always inside the event horizon unless the null energy condition is violated and for
stationary black holes is coincident with the event horizon. Extremal black holes don’t
have a trapped surface.
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F The SQM action and supersymmetry variations
The action of the quantum mechanics can be written as
L =
∫
dx0 d
2θ d2θ¯ tr
[
Z† ba e2gV Zab + 2 e−2gV Φa†i e
2gV Φai + ξ V
]
+
∫
dx0 d
2θ tr
(
1
8g2
WαWα +W(Φ, Z)
)
+ h.c. (F.1)
In components
Φai (x, θ, θ¯) = φ
a
i (x) +
√
2θµai (x) + θ
2F ai (x)
+ i θσµθ¯ Dµϕ
a
i (x)−
i√
2
θ2∂µχ
a
i (x)σ
µθ¯ +
1
4
θ2 θ¯2φai (x)
Zab(x, θ, θ¯) = zab(x) +
√
2θµab(x) + θ2F ab(x)
+ i θσµθ¯ Dµz
ab(x)− i√
2
θ2Dµχ
ab(x)σµθ¯ +
1
4
θ2 θ¯2 zab(x)
V (x, θ, θ¯) = −θσµθ¯ xµ + i θ2 θ¯ λ¯− i θ¯2 θ λ+ 1
2
θ2θ¯2D
Wα(x, θ) = 2g
(
− i λα − i
2
(σµσ¯ν) βα θβ Fµν + θαD + θ
2 σµαα˙Dµλ¯
α˙
)
(F.2)
with
Dµ = (∂t + iAt, ixi) Fti = Dtxi Fij = i [xi, xj ] (F.3)
The action is invariant under the supersymmetry variations δ =
√
2(αδα + ¯α˙δ
α˙) with
δαz
(ab) = µ(ab)α δα˙z¯
(ab) = µ¯
(ab)
α˙
δαµ
(ab)
β = −
∂W
∂z¯(ba)
αβ δα˙µ¯
(ba)
β˙
= − ∂W
∂z(ab)
α˙β˙
δαµ¯
(ba)
α˙ = −iσ0αα˙ ˙¯z(ba) − σiαα˙ x(ba)i z¯(ab) δα˙µ(ab)α = iσ0αα˙z˙(ab) − σiαα˙ x(ab)i z(ab) (F.4)
δαφ
(a)
i = χ
(a)
αi δα˙φ¯
(a)
i = χ¯
(a)
α˙i
δαχ
(a)
βi = −
∂W
∂φ¯
(a)
i
αβ δα˙χ¯
(a)
β˙i
= − ∂W
∂φ
(a)
i
α˙β˙
δαχ¯
(a)
α˙i = −iσ0αα˙ ˙¯φ(a)i − σiαα˙ x(a)i φ¯(a)i δα˙χ(a)αi = iσ0αα˙φ˙(a)i − σiαα˙ x(a)i φ(a)i (F.5)
δαx
(a)
µ = −iλ¯(a)α˙ (σ¯µ)α˙βαβ δα˙x(a)µ = iα˙β˙(σ¯µ)β˙αλ(a)α
δαλ
(a)
β = (σ
µνF (a)µν + iD
(a)) γα γβ δα˙λ¯
(a)
β˙
= α˙γ˙(σ¯
µνF (a)µν − iD(a))γ˙β˙ (F.6)
where x
(ab)
i = x
(a)
i − x(b)i .
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To compute the supercharges we need only the time derivatives coming from the kinetic
terms. Specifying to Qa = 1 the various contributions are
1
8g2
(∫
d2θ tr
(
WαWα
)
+ c.c.
)
=
4∑
a=1
[
1
2
3∑
i=1
(
∂tx
(a)
i
)2
+ iλ¯ σ¯0 ∂t λ
(a)
]
+ . . .∫
d2θ d2θ¯ trZ† ba e2gV Zab =
∑
(ab)
[
∂tz
(ab)∂tz¯
(ba) + iµ¯(ba)σ¯0∂tµ
(ab)
]
+ . . .
2
∫
d2θ d2θ¯ tr e−2gV Φa†i e
2gV Φai =
4∑
a=1
3∑
i=1
(
∂tφ
(a)
i ∂tφ¯
(a)
i + iχ¯
(ba)
i σ¯0∂tχ
(ab)
i
)
+ . . .(F.7)
The whole lagrangian in field components is:
L = LX + LΦ + LZ + LΦZ + LXZ (F.8)
with
LZ =
∑
(ab)
[
Dtz
(ab)Dtz¯
(ba) − F (ab)F¯ (ba) + iµ¯(ba)α˙ (σ¯µ)α˙αDtµ(ab)α
]
(F.9)
Dtz
(ab) = z˙(ab) + iz(ab)A
(ab)
t (F.10)
LX =
4∑
a=1
[
1
2
3∑
i=1
(∂tx
(a)
i )
2 + iλ¯α˙σ¯
α˙α
0 ∂tλ
(a)
α −
1
2
D(a)D(a) − c(a)D(a)
]
(F.11)
LΦ =
4∑
a=1
3∑
i=1
(
∂tφ
(a)
i ∂tφ¯
(a)
i − F (a)i F¯ (a)i + iχ¯(ba)α˙,i σ¯α˙α0 ∂tχ(ab)α,i
)
(F.12)
LXZ = −
∑
a,b
[
((x
(ab)
i )
2 +D(ab))z¯(ba)z(ab) + x
(ab)
i µ¯
(ba)
α˙ (σ¯
i)α˙αµ(ab)α
+i
√
2
(
z¯(ba)αβλ
(ab)
β µ
(ab)
α − β˙α˙µ¯(ba)β˙ λ
(ab)
α˙ z
(ab)
)]
(F.13)
where D(ab) = D(a) −D(b) and λ(ab)α˙ = λ(a)α˙ − λ(b)α˙ .
LΦZ =
4∑
a=1
[
∂W
∂z(ab)
F (ab) +
∂W
∂φ
(a)
i
F
(a)
i + h.c.
]
+
+
1
2
∑
(ab)
∑
(cd)
(
∂2W
∂z(ab)∂z(cd)
βαµ(ab)α µ
(ab)
β
)
+
∑
a
∑
b
(
∂2W
∂φ
(a)
i ∂φ
(b)
i
βαχ
(ab)
α,i χ
(ab)
β,i
)
+ h.c.
(F.14)
where we assumed that the fields do not depend on spatial coordinates and the stack
of branes contain actually only a single brane.
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G Bifundamental Vertex Operators
We focus on bifundamental fields. The bosonic modes of massless open strings connecting
two different D-branes are described by the following NS vertex operator in the −1 picture
z(ab) : Vz = z
(ab)e−ϕ
∏
j 6=jab
(
∆j e
− i
2
hj
)
, (G.1)
z¯(ab) : Vz¯ = z¯
(ab)e−ϕ
∏
j6=jab
(
∆j e
i
2
hj
)
, (G.2)
with jab labelling the plane along which branes of type a and b are parallel, ∆j is the bosonic
Z2 twist field in the j
th plane in the T 6, and z is the Chan-Paton matrix. Notice that the
conjugate variable to z(ab) is z¯(ba), while z(ab) and z¯(ab) are completely independent. The
fermionic states in the same multiplet correspond to the following R vertex operators
µ(ab)α : Vµα = µ
(ab)
α e
−ϕ
2 Sα e
i
2
hjab
∏
j6=jab
∆j
µ¯
(ab)
α˙ : Vµα˙ = µ¯
(ab)
α˙ e
−ϕ
2 Sα˙ e−
i
2
hjab
∏
j6=jab
∆j (G.3)
where Sα = (S++, S−−) are the two chiral spin fields in R1,3. Finally the auxiliary
field can be described be the following vertex operator in the zero picture
F (ab) : VF = F
(ab) eihjab
∏
j6=jab
(
∆j e
i
2
hj
)
F¯ (ab) : VF¯ = F¯
(ab) e−ihjab
∏
j 6=jab
(
∆j e
− i
2
hj
)
(G.4)
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